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INTRODUCTION

Methods for event history analysis are methods for the anaiysis of
changes over time in discrete or categorigal variables, These methods
are Increasingly being used by sociolwygists. Not only are apprupiate
data more available but there is also more awareness of the advantages
of these megthods for the analysis of change in discrete wvariables. It
is the purpose of this chapter to review the now quite large and
diverse literature an the tapic.

The data suitable for event history analysis are cobservations on the
types and timing of qualitative changes that & sample of units
tindividuals or more agyregated units of observation) undergo during a
certaln  inpterval of tinme, In addition, 1information on {fixed or
varigble characteristices of these units believed to be relevant for the
types and timing of qualitative changes is also included and constitute
an integral part of the analysis, The obtservable part of an event
history 1is thus : (a) & sequence of states (outcomes) occupied by each
unit over a full or opartially measurable interval af time before
transition to another state occcursy and (b) the sequence of values of
accompanying charatteristics -- some of which may underyo changes while
others remain fixed for the duration of the interval. For example, a
survey fiay ask respundents for the date of entry into first employment
and record 1nformation on  variables relevant for this event. The
gualitetive changes correspond to the tramnsitions from the state of no-
employment to the state of employment; the information on timing
rorresponds to the dates of entrance into a labor force and the date of
first employment) the information on asswoeiated characteristics may be
summarized by measures of levels of edutation at the time of entrance
into the labor market (fixed over the period between entry 1into the
labor force and first employment) and the type of work-related training
hut  an  individual experiences hefore entering the employed state (a
characteristics that varies over timed.

Event history analysiz 1s the richest of the strategies available for
the analysis of processes of change in qualitative variables, However,
such processes are still often analyzed by sociologists using other
methods, 0One reason is the lack of suitabhle data, Chapge in variables
produced by causal processes, of course, have been 1nferred from cross-

sectional datsa -- the main source of information for much socioiggical
analysis., These inferences require that the causal pgrocesses that
generate the observed ocutcomes can be assumed to be in equilibrium --

an untestable and often untenable assumption., A favorite design for
the collection of longitudinal data in sociclegy remains the panel.
Here, outcomes of change processss are observed at certain time
intervals, but 1ntormation on the timing of the changes is pot
available (uniess the panel is cambined with retrospective
gueetioning). Lack of information on the timing of events &t best
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limits the identifiabiiity of structural parameters in realistic
continuous time models estimated from panel data. It often 4lso leads
to the application of vregression or contingency table approaches
developed for cross-cectional data. In these approasches time is used as
just another causal variagble without recognition of 1ts special nature
as the oumain in which change takes place.

The use of canventional regression and contingency table approaches
remains a methodological preference of scociologists even when event
history information 1is available. They are & familiar and well-
developed set of tools for statistical analysis. However, these
approaches can severely misrepresent the structure of the processes
since they provide descriptions of the associations over time among the
variables but offer no possibility of identifying the parameters that
govern these processes,

Increased awaraness about these problems, the rapid development of
methods for the study of event histoeries, and an orientation towards
the collection of longitudinal (or retrospective) histories of events,
has mnade puossible more freguent and in-depth applications of svent
histury analysis.

Event history analysis is used by sociologists to denote methods that,
under different gquiseses and names, have been in use in disciplines
such as demographiy, biostatistics and engineering. As we shall show
below life table analysis in demography has close similarity to event
history analysis, In biostatistics and engineering, thazard rate
analysis, survival analysis, or failure time analysis are different
naiges for these methods. In ecconometrics, the techniques are oiten
agplied under the name of duration anasiysis, Different disciplines
frave phasized soumewhat difierent aspects of the technigues. Yet, the
: the same.

The full development of methods for the analysis of event history data
and their adaptation to social science probiems is of only recent
grigine. These methods serve to guide the formulation and allow the
gstimation of wodels representing the process that generates an event
history. Methods for the analysis of event history address and resclve
fopur {undamental provlems: a) the possibly incompiete observation of
the entire event history generated by a single underlying process, ©b)
the requisite translation of anm underlying continuous time process into
one where changes are observed to occur at discrete times, c! the
incurporation of possibly variable characteristics that affect the path
gf events followed by individuals, and d) the correct ildentification
and separation of three components defining the process ndamely, the
duration striucture (the nature of the time dependence), the structure
pt effects of determinants or covariates, and the residual component of
unmeasured heterogeneity.




The first problem 15 commonly referred toc as censoring and  occurs
either because recording is initiated after the process hag been set in
motion (left censoring) or because observation is discontinued before
the process has run 1ts full course {(right censaring)l. The second
problem ovcurs when the plan of observation permits only an approximate
registration of the timing of events. Alsc, there are situations when
estimatiun procedures are easier top formulate and their implementation
becomes more efticient with the aggregation of time even though the
timinig of events may be registered at finer levels, The third oproblenm
arises whensever important determinants of the occurrence of eventg are
subjert to change {(and are thus themselves a process) even though these
changes may be rightfully considered to be exogenous to the wmain
process, The +fourth problem is a fundamental one. It is only under
very restricted conditions that one will be able to simultaneously
identify the nature aof time dependence embedded in the process and the
set opf effects of structural parameters without either of them being
contaminated by the 1impact of unknown for  known but unmeasured)
determinants.

In these chapter we attempt to clarify these four problems. The nature
of this review and the limitations of space allow neither a very
rigurous nor a very detailed treatment. The chapter aims solely to be
a useful guide for those interested i1n the application of this class of
methods. ite organization is simple. MWe first set up the fundamentsl
language and objectives of event history analysis, We show 1ts
connection with the dempgraphic lite table approach for a simple death
procegss, 1ntroduce the rudiments of estimation techniques, and present

gengralizations of the simpie model, We then review estimation
problems and techniques. It is here where the four Fundamental
problems identified before are studied, The paper closes wWith a

simmary of available software to impiement estimation technigues.

The subjects that we review here have been studied 1in a wealth of
detail by other researchers. A fundamental retersnce for social
scientists 15 the insightful treatment (with extensions to the field of
guantitative nutcomes and combinations of qualitative and quantitative
autcomes) by Tuma and Hannan (1984, The recent work an longitudinal
analysis by Coleman (1981} is also an important reference, Well
uarganized applied introductions to event history amalysis with numerous
applications can be found in Allison (1984), Carroll (1982), Teachman
(1982%), and Blossfeld et al., (1986}, HMost of the  nmethodological
advances that serve as foundations in the field are rigorouslty studiead
in the bnoks by Kalbfleisch and Frentice (198B0) and the more recent
book by Cox and QDakes (19B4). A useful although somewhat farmal
summary of recent advances 1s contained in the book by Miller (1981,
Twe other work of synthesis are highly recommended because of their
theroughness and asccessibility (Elandt-Johnson & Johnson, 19805 Gross &




Clark, 1973)., In addition to these, other references are cited
throughout the papéer to facilitate the search for additional
methodological and applied contributicns, For the sake of economy 1n
the organization of references we cite, whenever it is possible, work
that already contains important citations of the same authoris), Thus,
the book by Cox and Dakes contains many references to the seminal wark
gf Cox to which we seldom refer here, Similarly, wmuch of the
pioneering work done by Tuma and Harinan is cited in their hook,

FUNDAMENTALS OF EVENT HISTORY ANALYSIS.

f Sipple Death Process

We start with the simplest of situstions, one in which there are only
two possible states that individuals can oceupy, say © and 1. Further,
flows can only oceour in ope direction from state 0 to state 1, e.g.
state 1 is absgrbing. Thie representation 1e¢ appropriate when
anaiyzing a dichotomous variable where change can only go in ane
direction, e.g. from lite to death. A particular case of this
representation 1s one where the state ¢ indicates that no event has
taken place and state ! indicates that an event has ocrurred, and the
events refer to changes in selected variables, Each individual 1is
characterized by an underlying random variable T measuring the time it
takes to transit from one state to the other. This random variable 1=
completely characterized by the probability that the event or failure
prcurs during the small interval (t,t + =t), e.g. by the density
functian of T, 7 {t}):

FoUt) = lim (Prob {t T .t o+ Zti/ ot) (b
“t 0

A survival {function characterizes the process and is given by S(t), the
probability that the event has not yet occurred by time t:

aga}

§{t) = 5 {v) dv (2]

In this particular case, S{t) is the ctomplement of the distribution
functian of the waiting time in state G.

Finally, the risk or hazard that the event will occur during the small
interval of time (t,t+ =t), 2(t), is detined as:




[ &y

#(t) = tim (Frob(t 0 T .. t + 2t:T  ti/ &t (3
~t 0

#tt) ot can be interpreted as the «conditional probability that the
event will take place in the small interval (t,t + xt) given that no
event has otcurred before t. However, ¢{t) is not a probability, 1ts
range being (0,00). Note also that the relations between (1), (Z) and
(3) imply that:

t
Sit) = BL0) exp (-, (V) gv ) ()
o
and that
oGty = ity Bt

In most applications B{G) 1s set egual to unity, e.g. individuals start
the process tn state 0 and the density F# (t) 1is proper, e.g. all
individuals w#ventually fail or move into state !.

Formula (4) shows that identification of any one of the three functions
permits identification o9f the other twa and, hence, & complete
tharacterization of the process, This 1is a feature that will be
preserved 1n the more complicvated wversiecns of this model that we
introduce later.

Evert history analysis focusses on models for and estimation of the
hazard function, There are several redsons for this interest. Fivrst,
Pt} corresponds to an intuitive notion of risk as the underlying
generatyr of the process. It therefore permits more appealing and iess
ambiguous translations wof theoretical propositions. Second, harzard
functions are more sensitive to time dependent changes and hence can
reveal finer features of the process nuch more cleariy than the other
twe functions. Third, knowliedge of the harard facilitates the
tormulation of implications for other guantities of 1nterest {waiting
times in one state and,when applicable,the number of moves out of one
state). Fourth, it is generally simpler to manipulate models when the
Fisk is the quantity that is being parameterized.

The main alternative to directly modeling the hazard is to focus on the
waiting time, T, uUsing the soc-called accelerated failure time nmodels
and log-linear regression models. Simple re-parameterizations ot the
lhazard models provides this interpretation for most ot the well known
harard mpdels (see Kalbfleisch and Prentice, 1983, for examples). We
shall discuss both representaticgns i1 a later sectian.




Degscribing Event HMistary Frocesses

If the observatiaon plan permits recoarding of all the failure times for
the individuals in the sample, 1t is exceedingly simple to calculate
estimates of S(ti, s (t} and s(t} with no assumptions about the
parametric form of any of these functions. If events are recorded at
only certain time intervals, the estimators will be discrete functions
af T. An estimate of 5(t) can then be vbtained dividing the number of
events or fallures that occurred after t by the number of individuals
who had not experienced a railure by that time. From this a discreste
analogue estimate for 5 [t} and :#(t) can be obtained.

Rarely, however, can one observe all the realizations of T in the
saiple, It is more common that a subset of them is right censoredy that
is, the cotrresponding value is longer than the length of observation,
For example, in data collected as retrospective histories,
someobservations will be right cenzored when the evint of interest has
naotbeen experienced by the time of interview. With censored samples 1t
is still pussible to obtain estimates of the hazard without making any
assumptions about 1ts underlying form. Two important approaches to do
this are presented below,

THE LIFE TABLE APFRUACH The simple model contained in  equatian (4
underlies the single decrement life table which is routinely used in
demography to study phenomena as diverse as martality, fertility,
nuptiality and migration.

In fact, the life table is a technigue to provide a non-parametric
estimate of the relevant functions., The classic iife table describes
the process ot mortality. Its construction proceeds by first
aggregating time into intervals (tj,ti+n). Freguently, an open ended
interval is used to acommodate large “values of T and some finer
intervals are used +to distriminate among smaller values, The secornd
step 1s to count the number of events that took place in each interval
and the number of tases censored in the interval. The third step is tao
construct a conditional prebablity of failing in sach of the intervals,
(t.):
1

where the numerator represents the number of events 1n the interval,
Mit,) is the number of individuals who were at risk of failing, e.g
thote who had not experienced an event and had rnot been censored by
time t., and C(t ) is the number of cazes that were censored in the
intervai, .9, individuals who were observed for a period lenger than




t, but not longer than t.+n and had not failed. The adjustment in the
dénoninator is correct 14 censpring occurs unifermiy through the
interval. The fourth step 1s to construct an gstimator of S(ti by
chaining together the values of B(ti):

Sy = 7 01 - @(t.)3 (6)

The most common {(discrete) estimator of s{t) is obtained by ascuming
lingarity of 5(t) within each interval, Alternatively, one can assume
that - (t) is a step function taking on a constant value 1in each
interval., The corresponding estimatcrs are, respectively:

D(ti)
S Rt T
and (7
/ - 1 k
(ti) = -n In (1 - B4t

Despite its easy of computation and general applicability,life table
estimates have been shown to be inconsistent when the size of the
interval, n, 1% large by comparison to the rate at which events are
ocecurring. Further, signifivant losses in precision may uocour since
the intervals are arbitrarely defined (Gehan, 1949; Crowley & FBr
1974y, These disadvantages are resolved by an altermatis
describied below.

are obsar
t, . ot sk
flrther thay of ®t ) )
dit.) fail at t. afd cit.)

in the i1

§(t) = T [1~ -—=wcfoo ] (g)




with an associated estimator of the hazard rate given by the ratio of
d(t.) to Nt ). These estimators have been shown to have good large
Samﬂle propertifes (Kaplan % Meier, 1958; Efron, 19673 Breslow &
Crowley, 19743y FPeto et al, 1977}, The life table estimates tend to
Faplan-Meier estimates whenever time intervals are small and/or the
numter of events 1s large. For small samples the Kaplan-Meier
estimates of 5(t) and the hazard are affected by biases but corrections
do eﬁlst Nel5an, 1972 Ralen, 1978). The Kaplan-Meier estimate of
(1) 15 not defined for values of t which are longer than the longest
censcred time.

Multiple Types of Events

Wher the discrete variable of interest takes on mare than two values,
we need models with more than two states. It 1s useful to distinguish
here between multiple origin states from which the individual moves,
and multipie destination states, For example, 1n a study of
differential mortality the multiple origin states could be different
oceupational categories and the various causes of deaths considered
would be the multiple destination states.

Defining J origin states does net imply any new developments 1f flows

amsng them are rnot allowed. In  fact, one sinmply defines a set of
hazards i1ndexed Gy the origin state to Wthh they correspond gL {th,
i=by.. 0. The dot serves to label for the only dest1nat1on stﬁte in

the model. Identi4ication ot the model would then be eguivalent to
identification of as many simple death processes as origin states are
recognized,

The study of a modsl with one origin and several destination states may
requlire naw developaents depending an  the nature o+ the relatian
between the new types of events (Allisen, 1984). The first possibility
is that the occurrence of one type of event is wholly unrelatsd to the
oceurrence of the others so that the occurence of one type of event
does not affect an individual'’s risk for another type of event, I[f
this were the case, the model could again be treated as one containing
several simple death processes and each of them identified one at a
time indenpendently of the others., The second possibility is that the
gcecurrence  of one type ot event atfects the rigks of goourrence of the
othereg without, however, removing the individuals from being at rigk of
gxperiencing uther events., This can be dealt with using infermation on
the occurvence/non oceurrence of ane (or several) types of events as 3
characteristis or covarliate affecting the hazard of interest. Since
this characteristic will vary with time, we reguire estimatian
procedures to handle time varying covariates {discussed helow), but no
new model speciticatlian 18 necessary.

Fer many sdciclegical applications, the third possibility is of greater




general interest, It corresponds with a situation where the occurresice
of one type ot event removes the individual fram the set exposed to the
rigk of wother types of events. This is the case of competing risks
with several absorbing states. The clearest ewxample occurs 1in  the
study of human mortality when individuals are simultaneously exposed tao
several causes of deaths. In cther analyses, the researcher may be
1nterasted in discriminating between several types of failures or
events rather than lumping them tngether in one sirgle, homogeneous
set. In the study of geographical mobility it would be natural to
distinguish {iuws acrording to destination, In the study of marital
stability it is af interest to consider separately marriages that are
terminated by death of wone of the spouses from those terminated by
divorce. Resegarch un job changes has made a distinction useful betweern
shifts producing & gain in status and other Sob shifts (Sorensen &
Tuma, t981),

To deal with tompeting risks, a new random variable, K, 1s introduced
defining the type of event experienced by the individual. The model
will rnow depend on several hazards, one for each of the u competing
rigks considered. We will denote these hazards by (t) [lk=1,...uj,
where the dot serves to label the fonly) origin <ctate. These bhazards
are defined by

P(t) = lim 1/t Praob (t o 7T ¢ t+at,K=kiT 3 t) (91
'“ &too
By the law of total probability it folleows that
u
cetro= 8 o {t) t13)
k=1 n
Also, one can define
t
0
5 K (t) = exp [- § i p(v)dv] (11)
el
and
a
Ty (ty = " (t) gt (12}
where
t
. u
§ (t) = eup [~ ! z i {vidv 1
k=1 «k
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Under canventional plans of observation, e.g. those recording type and
timing of events f{far each non censored observation, ane can retrieve
estimates of & (t) without further assumptions. Extensians af 1life
table procedurés {(multiple decrement life tables) lead to estimation of
cenditional  probabilities of experiencing the event Kk  (under the
assumption that events of other types and censored cases are uniformly
distributed within an interval). One can then obtain discrete estimates
of the event specific harard in much the same way as indicated for the
single event case (Chiang,176B). Similarly, Kaplan-Meier estimates of

(t) and aof s  (t) are obtained by focussing on the ordered sequence
ot "failure times ' of type k, {t .} and treating failures of types other
than & as if they were censored observations. It should be noted,
however, that the interpretation of 5 Lty is not that given to a
survival curve in the case ot a singIE risk, e.,g. as the complement of
the distribution function of a waiting time {Tsiatis, 1973; GBirnbaum,
1978).

Bidirectional Flows

A further generalization obtains by allowing bidirectional <flows to
occur amung origin  and destination states. This implies that we
consider some (or all) destination states as non-absorbing. The
resulting models will be representations of continous time Markovian or
semi-Markovian processes which have an important history in
mathematical sociolugy iColemarn, 1%64), FRecent treatments enphasizing
the wuse of evepnt history analysis for the estimation of the parameters
of these processes are found in Coleman (1%981) and Tuma & Hannan

(1984). In these applivations, event history analysis is used tc
estimate the transition rate rjk {t) from state j to state k at time t:
ro, (th = lim /74t p. o (t,teat) (13}
Jk R ik

where p. (t,t+st) is the probability of a move from j to k within the
interval (t,t+at). Note that r,, (t) is an crigin-destination-specific
hazard rate. From it one can ‘Fetrieve the simpler hazards rates
n {t), the hazard of experiencing event k regardless of origin, and

h}k(t), the hazard of leaving state j regardless of destination.

Exploratory, non-parametric analysis of these models is again possible
with 1life tables type of techniques or with direct application of
Kaplan~feier estimates. The trick is simply to deal separately with
origin-destination-specific ‘survival curves’ and risks.
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An important similarity exists between these models and the so-calied
increment-decrement technigues that have been recently developed in
demographic analysis {Schoen and Land,1979; Land and Rogers,1582;
Hannan,198%; El-5ayed MWour and Suchindran, 1982) to deal with
aggregated types of data on migration flows, changes in marital status
and fertility. The model underlying incremet-decrement tables does not
differ from the ones presented here. The only difference are that,
increment decrement analysis has adopted a different language (Hoem,
1983%) and hes not yet been extended to systematically incaorporate the
effects of covariates.

Repeated Events

Introducing mullipie states, not all of which are absorbing, and
bidirectional +lows ©provides a natural framework for the analysis of
repeated events. When the event is of a single type one has a rcounting
process With transition rates r. (t) where k=j+1. If the ocrurrence of
several competing events does’fiot remsve individuals fram the risk of
experiencing them again, one has a ctounting process with competing
events and rates r {(t) for the 1th occurrence of event of type k. A
tonvenient but nat é¥ways statistically efficient, representation of a
process with repeated events 1s one which assumes a different cause-
gtructure {for each implied transitien rate, Identification ot the
risks can then procesd by treating each type of event separately From
the others, as in the ctase of multiple events and bidirectional flows.
The only qualitatively different aspect of the model lies in the
defipnitien of t: 1t may refer to the duration sisce the prior
geeurrence rather than to chronological time elapsed since the origin
uf the process. This, however, does not preclude the simultangous use
of alternative representations of time in causal models such as age,
cohurt or others.

As in the case of multiple states and bidirectionsl flows, life tableas
techniques and kKaplan-Meier estimates tan be used to provide
rnonparametric estimates of each of the risks and survival functions
characterizing the process. ALl one needs to do 1s to deal separately
with order-type-specific events.




EGTIMATIUN OF MODELS FOR EVENT HISTORY ANALYSIS.

In this section we review the model +{ormulation and statistical
inference strategies that are appropriate in event history analysis.
We start with a brief introduction to maximum likelihnod estimation
which 1is 4followed by a discussion of censoring, and then proceed to
evaming strategies to impase structure on the models.

Marimum Likelihood Estimation

Most of the models for event history analysis can anly be estimated by
using maximum likelihood (ML) procedures, The resulting estimates
have nptimal large sample properties and permit tests of hypotheses
regarding one or several variables, In particular, maximum likelihood
is best suited to deal with the problem of censored data. Other
methods of estimation (such as 1least squares) can be used in the
abhsence of censoring, but no technique based on them has been developed
to deal with censored data. Under certain conditions results obtained
with ML procedures are exact. Under most conditions imposed by the
nature of event history data and models, ML results are only
approximate, e.g. they bold asymptotically, for very large samples, and
when the functions involved satisfied certain regularity conditions. We
sfiall not discuss these conditions further (except when reviewing the
issue of cepsoring!. However, it should be noted that results based
gn small sample may not be all thet reliabie, and that there may be
cases 1n which the regularity conditions are not satisfied even when
the sample 15 sufficiently large.

I+ the sample observations are independent, its likelihood function 1is
just the product + the individual probabilities of the observations
being what they are. These probabilities are defined according to the
postulated model and depsnd on the observed information. To obtain
parameter estimates, one maximizes the logarithm of the likelihoad
tunction {(setting its first derivatives equal to zero) and sclves for
the parameters. In only a few cases do the solutions have a ciosed
torm. For most cases one hag to vresort to numerical optimization
methods (Goldfeld & Quandt, 1972]. The estimates of the standard
errors are obtained from a function of the matrix of second derivatives

1. Although individuals {(or other aggregated entities) are the
units of analysis, the likelihood function is usually calculated over
types of evepts experienced by the units, Independence of these events,
a subsst of which may correspend to the same unit, 15 only claimed
cunditional on a zeries of suitably defined explanatory variables.




cf the logarithm of the ML function f(or suitable approximations to it),
Tests of hypotheses can be conducted applying a varlety of strategies.
The most common are: a) standard normal apprnoximations and the ratio of
the estimated parameters to their estimated standard errors, and b) the
likelihood ratio test., The results obtained wusing these alternative
netheds are tonsistent only 14 the ML function and its derivatives
satisty some regularity conditions {(Cox &% Hinkley, 1974; teod et al
1974y LeCam, 19703 Moran, 1971; Goldfeld & Ouandt,1%74),

The Problem of Censoring

KIGHT CENSORING Right tensoring occurs when the the waiting time +for
the waccurrence of an event is longer than the period of observation.
Results that are obtained by either discarding the censored cases or by
assuming that in these cases the event occurred at the end of the
period of observation, will be biased., The higher the proportion of
tases that are censored, the more badly biased are the results (Tuma &
Hannan, 19B4; Sorensen, 1977; Kalbfleish & Prentice, 19B0; Cox & Oakes,
1984 Elandt-Johnson % Johnson, 1980; Bross & Clark, 1%73)., The biases
are explained by a very simple fact: even i1f censoring where random, it
would be more likely for an uabservation to be censored 1if the
corresponding hazard is lower and the waiting time longer. This
implies that wexcluding censored cases leads to over estimates of the
underiying risks as, in fact, is the case. GClearly, estimates of the
effects of covariates will also be biased if only non censored cases
are included in the analysis,

Censored event histories are sometimes used to estimate means and other
mements of  the walting time distributiaon. For example, Current
Fopulation Surveve registers duration of unemployement until the survey
week for unemployed respondents and one might want to wuse this
information to estimate the mean duration of unemployment. But the
cistribution of waiting times for censored events will, as arqued
sbove, differ frow the distribution for all events, In +fact, 1in the
simplest case of exponentially distributed waiting times {(corresponding
te & capstant hazard), the mean of the tensored events will be exactly

twice the true mean (Swsrensen, 1977}, In the general case, the
chezerved mean of the censored events will depend on both the mean and
the variance o©of the underlying waiting time distribution. It

reglected, very misleading inferences from censored duration data can
result., For a general discussion of this i1ssue as 1t applies to
curation of unempioyment see the work of Balant (Salant, 1%77).

Une can assume that for each individuwal i there is a waiting time Ti
for the occurrence of the event of interest and an underlying censoring
time £1, Right «censering for individual i will octecur if Ti 3% Ci. The
mechianisem producing censoring is crucial for the use of ML procedures.
In general, ML are viable only when the censoring mechanism produces
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independent censwring times, e.g. when the random varigbles Ci are
independent between themselves and independent of the walting times Ti.
Mure gdenerally, what an independent censoring mechanlism reguires is
that the C1's should not be related to the risk of experiencing the
event or, eguivalently, that individuals «censored at time C be
representative of all other individuals (with the same values 1in the
covariates) who survived up to C. Dependence could be introduced, for
example, if individuals who are at higher ricks of experienicing the
@avent stand a higbher chance of being censored.

When cernsoripng times are fixed in advante we speak of censoring of type
I. When censoring depends an a p@refixed number of failures having
ocruryed in  the sample, we speak of censoring of type II. By and
large, the plans of observation avdilable in social sciences do not
correspond to either type. In wmest cases we have a fixed perinpd of
obeervation for all individuals. Censoring times can then be treated
as 1f genersted by an independent mechanism. This assumption wiil be
violated when individuals withdraw fraom observation before the study
ende {the rensoring time is np longer dependent on the prefixed length
of the study). If the analyst suspects that withdrawing may be related
ko the risks of experiencing the event, & different strategy has to he
followed. The latter requires to consider withdrawal as an event on
1ts own right, a special case of a comppeting event. Only the remaining
censured cases may then be treated as if their censoring times had been
generated by an independent mechanism.

Ta make these ideas more concrete and to introduce the gensral
tormalation of the likelihhond used in event history analysis, we now
study & quite general, multistate, situation. Suppuose we are
interested in the first occurrence of an event that implies a change
from state ; to state k. Let r.b(t,g,Z) be the corresponding risk and
§, ¢t, 2,7} the asspciated sufVivor function for state j. We are
aééuming that the process depends on parameters contained in the vector
t and covariates contained in the vector Z. Qur interest is in drawing
inferences about the parameters in L fAssume further that the
censpring time for individual i is a random variable C. with survival
function G, (c) and density function g, (c). Under 'a regime of
independent1 censoring, the probability that an individual experiences
the event in the time interval (ti,ti+;t) and is not censored is given
by:

8,10 # 5. (%,

; ety ; U E L) R () (14)

If the observation for individual i had been censored in the interval
(ti,ti+L¢), the probability is given by:




B =g, (t] *Sjl(ti,é, 1 (15)

Thus, the probability of having a particular occurrence f{event or
censoring) for individual 1 can be written as:

i ( 1"{_‘51 )

L, = (A, ) ¥ (B ) (18)

n

where 51 equals 1 1+ the event 15 observed and O if the observation 1
censored. Li can e written in an alternative form:

-
~d

wiiere . collects &1l the cencoring information conveyed by g, (c} and
6. (c). ' I+ - does not depend on 3, we =peak of non informative
tensaring. Otherwise we speak of intformative censoring. Under non
informative censoring, ?i can be treated as a ctonstant and ane can
simply work with the other part of the likelihood. Most types of
analysis in event history deal with this 'partial’ likelihood rather
than with the “full’ likelihood. If censoring is informative, one can
still work with the partial likelihowd but then the estimates will have
higher standard errors.

LEFT CENGS{RING Left censoring occurs when the observation begins
after the process has heen initiated, For example, in the study of job
changes one may observe an individual in a first job k¥nowing neither
the timing of the arrival at this job nor the conditions under which 1t
took place, e.g. the values that impoertant characteristics had &t the
time the shift towards first job took place. If the risk for the esvent
of interest were constant, nothing would be lost by assuming that the
pirocess started at the time the observation beqgun. This will rarely be
the case, howaver.

In some instances the ohservation may begin before the process starts
but the actual time when individuals become at risk for the event is
unknown. The hevard will then be zero for a perigd until individualg
become At risk. For example, ip the analysis of nuptiality the waiting
times until entry into first marriage are measured from birth rather
than fram the time the individuals enter intoc a marriage mariket. It wmay
be possible to find a reasonable approximation for the true starting
time -- in the case of marriage, say age 18. Such approximations
should be used whenever possible. Alternatively, one could introduce
threshold parameters in the models and estimate the starting time from
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the data, However, such threshold parameters violate regularity
conditions of the Iikelihood and are therefore not included as a free
parameters to estimate (Kalbfleisch & Prentice, 17800,

Lett censoring can create ane or twe problems (Tuma % . Hannan, 1984).
The first 15 a selection problem that resuits because the distribution
ot intdividuals by states or the distribution of i1mportant covariates
at the time the chservation starts is likely to be different than what
they were at the beginning ouf the process. This 1s the same problem
that wune faces when drawing causal inferences with selected samples
(Maddala, 19B3; Amemiya, 1982y Heckman, 1979). The second problem 1is
lack of knowledge about the wvalues aof the characteristics at the
beginning of the precess for those individuals (or events) that are
ohserved. This latter problem 1s especially severe if the harard
depends on duration since the prior event, since this duration is
utknown for left censored events,

At the present time, general solutions for left censoring are either
very compiicated tao implement or depend on unrealistic assumptions

(Flinn & Heckman, 1%62a), The first problem may be resolved by
caloulating individuyal likelihoods conditional on  the event(s! of

interest not having ocecurred up to the time the observation starts,
The goond difficulty wvan be vresnolved by assuming an initial
distrigution of relevant characteristics and then caleculating their
digtribution at the time the observation starts assuwing that the
process is well represented by the model tested. In most situations,
however, we lack the knowledge to select between alternative
distributions of the initial conditions,

In what follows we will assume that there is no left censoring or that
left censored observations have been deleted from the sample. This is
net a satisfactory strategy but simplifies the presentation aof the
discussian.

Formulating eyent history models.

90 far we fave not dicussed strategies that make explicit the nature of
time dependence or the form in which covariates may be entered in the
modei. We {first discuss the problem of time dependence andg then
present alternatives ways ot formulating models incorporating exogendus
cavariates.

THE TIME STRUCTURE OF THE MODEL The life table and Kaplan-Meier
estimators permit a representation that does not depend on assumptions
abivit the functional form of the hazeard. This may be agvantageous when
tharg 18 no theoretical gulidance as to the nature of the harard. In
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other situstiuns there ceuld be strong reasons to suspect that its time
profile sheuld be constant, monotonically increasing or decreasing, or
ngn=-monotonic. In these cases it is more efficlent and desirable for
twsting purposes to attempt to retrieve the time structure of the
hazard., Two i1ssues are of importance here. The first refers to the
nature of time dependence and the second to the distipction between

continuouws and discrete time formulations,

The nature gt the timg structure of the hazard As we have used 1%t so
tar, the randoem wvariable T represents calendar time measured since a
suitable defined origin of the process, This time dimension serves to
aceaunt  for unknown or unmeasured processes, Apart from cases where
the tims structure is induced by unmeasured heterogeneity (discussed
below), there may be theoretical reasons to explicitly define it. Thus
there are instances where the effects of 7 inay be captured by age,
others where they are nmeasured by using duration elapsed since the
grourrence of a significant event, and others still where they rcan be
captured by chronological time. For example, the applicatioan af the
l.fe table to the study of mortality is basad on an expliczit dependence
o+ the risk on the age of the individual. The latter is only a proxy
or more  difficult to measure processes that affect mortality =uch as
18 capability te adapt to a new gnvironment ar hivlagicatl

‘

—+

-}

+~

deterioration. A similar t+ole appears to play the “age of an
evrganization in  the study of ‘mortaiity’ of +tormal organizations
{Freeman et al., 1983 or the ‘age’ of a government coalition in the
study of cavinet durebility (Cioffi-Revilla, 1984; Palloni & Franzuosi,
1586, unpublished),

¢

Duration dependence is {requently introduced 1n the study of repeatable
gvents as 1t is thought that the time elapsed since the last occurrence
{er other pricr oveccurrences) is an aceurate proxy +for transformations
that affect the risk of & new event., For example, some economic
theories suggest that the longer an individual staye vunemployed, the
higher the risk of accepting an employment offer due to decreased
reservation wages (Flinn & Heckman, 1782 a,b).

nomary situations the nature of tisme dependence may be explored wusing
nparametric approaches. In fact, simple algebraic transformations of
and #(t) {see Section Z) can be used te gauge the plausibility of
5e parametric representations. Thus, a plot of in(-1nS{(t)) against In
that 1s roughly linear with a unit siope provides indications of a

g
t

de=ath process with constant rate., One which is roughly linear on In L
but

P

£

gt with & slope different than one supports the idea of a death
Focess with time varying rate following a Weibull distribution. It 1s
& good practice to explore the nature of the data with nonparametric
asprusches pricr to the use of fully parametric forms (Elandt-Johnson &
Johnson,198036rnss & Clark, 1985; Miller, 1981).
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i0us and piscrele tise mogdels Regardless of the source of
time dependenceg, ong ran distinguish models for egvents that can only
sooigr at diserete intervals from modelse for events that ctan oseour
contipuousiy  through time, For the most part social scientists deal
with the latter type aof events, However, plane of observation for
event histories are never precise enough to record the exact timing of
. As a conseguence, although the models are more adeguately

the events
tormuelated ia  contindeogs time, the data can be crganized only in
discrete time units. This vcan lead to misinterpretationg and

inconsistent estimates due to the lack of correspondence betwsen what
the estimates reflect and what they represent in the models (Kalbkfleish
¥ Frentice,1%80; Fetersen,1983). As a consequence it 1s a healthy
practice to emphasize formulations in continucus time and,if needed,
translate them into discrete versions to ensure correspondence between
what is estimated and what is represented in the model.

THE NpTHRE OF THE COVARIATES Simple representations of a process may
assume that the occurrence of events does not depend on past history,
gxcept for dependence on the state being occcupied at the initiation of
n episade or spell and on the duration elapsed since the previous
gvent {(Markov and Semi-Markov processesi. Such assumptions tend fto be
rather simplistic and ane may wish to account in some way for past
history 1in order for the representations to hold., The process is  then
moceled as a simple one conditioned on  the values of relevant
covariates and on the history of the process up to the time of
inttiation of the epizode of interest. This can be done by resoriing
to parts of the process as  explanatory wvariables fuor the paths of
events that oceur subseguently, For example, in the analysie of
repeated events, the number of tccurrences pricr to a event of fHigher
order, or the timing and type of states occupied pricr to its
grcurrence may be usad as explanatory variables,

Py

In addition to cevariates that reflect part of the past history of the
process, others may be relevant. They may be continuous or discrete
and may be either fixed or variable over the duration of the process.
Apart from the the complications that time varying tovariates create
(see below), the only real problem in selecting suitable covariates
energes  when drawing the line between exuvgenous from endogenous anes.
In some cases this is an obviocus decision. In seome others it may depend
on theoretical considerations. This is we=specially the csse for the
initial conditions of the process, e.g. for the time at which the
process beging for an individuai and for the particular state occupied
at the origin (Tuma & Hannan 1%8B4; Flinn & Heckman, 198Za;Cox &
fakes, 1984).

For simplicity we assume below that the vector I of covariates contains
o1ly exogenous variahbles (of a continuous or discrete nature and of the
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fived or time-varying type).

fplternative Models for Event Histories

In what follows we will assume that the object of analysis is 2 simple
event or failure which 1s dependent on time and certain exogenous
covariates. At the cost of complicating the notatian without
introducing new elements, the procedures can be extended to the
corisideration of processes with competing risks and, more generaily,
incorporating multiple states and bidirectional flows.

FULLY FARAMETRIC MODELS There are two general families of madels to
represent the effects of time and of covariates. The first is the so
called proportional hazard models in which the effect of the covariates
is to act multiglicatively on the risk:

(i%1) {19}

where ¢ (t) i1s a baseline hazard that is increaseg f{or decreaszed}! by

the effescts of the covariatez, and 9 _(t} is the corresponding baseline

survival functian.  In most applicatidns w{y)= expiy}, a function that

guarantgss ngn negative valuyes for the hatards. [+ the deperndence of
(t) o

. n time is specified, we obtain a fully parametric model. The
most common specifications are the exponential model, where the hazard
1s assumed constant in time, the Weibull model where the hazard 1s
specified g8 o (t) = fp(;tﬁ , and the Bompertz mocdel whers the hazard
1e v expt t). However, the dependence ot the harzard on time can also
he left unspecified resulting in a partially parametric model, This
impartant class of models are discused below.

-+

The second type of models are the so called accelerated failure time
models. They postulate wmultiplicative effects beth on the hazard and
gn the walting times:

) (24)

d

s{t,Z,8) = 5 (bel(ERI)) » T{L#

Although applications of accelerated failure times exist in  sacial
sciences (Manderhoett, 1984; CLCoale & Medeil, 1972), it 1is the
proportional hazarde family that has received most attentian.
Frogortional hatards and accelerated failure time representations are
identical when the waiting times are distributed as anp exponential or a
Weibull (Kalbfleisch & Frepntice, 1980} Cox & Oakes, 1984).

These two types of models explicitly define the  thazard. fOther nmodels
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are built defining instead the waiting time, T, for the event to occur,
Since tnis 15 a positive valued random variable, a sensible practice is
to wmodel the natursl logarithm of T. Its distribution is sufficiently
shewed tc require non normal distributional assumptions for the errors.
A very general representation, conditional on a set of explanatory
variables, is the following lug linear model:

I T = =+ :#1 + J#H0 (18)

where Z is a {rolumn} vector of cevariates, W is an errar term and ¥ is
a stale paramster; & and ¢, a row vector, represent the constant and
covariate effects respectively. Two of the most common assumptions for
the distribution of W are: a} W 15 an extreme value distributed
variable and 7=1, This occurs 1f T has an exponential distribution with

parameter p=eup{(-0:#7+X3); b)) W is an extreme value distributed
variable but 7=1. This woccurs if T has a Weibull distribution with
parameters p=t/ 7 and v=enpl{-{H+§5/ D1, fither commonly used

distributions {for W are standard normal f{when T 1is log normall,
logistic (when T is log leogistici.

It should be noted that while the representation (1B} is instructive
for the understanding of the structure of the mpdels, estimation 1in the
presence  of censoring must take place through ML estimatien of the
hazard version of these models.

PRRTIALLY PARAMETRIC MODELS I+ the analyst is more interested 1n
recovering the effects of the covariates than in understanding the
duration structure of the process or if there is no guidance about the
agture of the labter, the best choice 1s a partially parameteri
proportional hazard mopuel. It has been shown by Cox in a seminal paper
{(Cox, 1972} and more formally demonstrated by others (Efron, 1977
Brogliow, 19753; Dakes, 1977) that 1+ the ratio of the hazards
corresparding to individuals with different valuses 1n the covariates is
dependent of time, it is possible to retrieve quite efficient
estimates of  without 1in anyway making explicit the nature of the
nuisance functien, toft).

|

In fact, assume that 7, were dichntomous assuming values O and 1. Twa
individuals having fise veiue 1n the remalnlnu rovariates can be
shown to have relatis : © ot involving

?j(t). Suppose  bhat 5%i1ure e in the sample cf
ifterest are £ . ... tas where the subscrlpts are indeces indentifying
individuals with vecters of cos 2 v 1 Z , and

1 4 : gun
d 1s the total number of failures oose-ved REVEnt: Df the 1type being

analysed). CBne can first argue that intervals of time within which no
gevents have pccurved can in no way add information on ¢  (Lox, 1972
kKalbftleish & Prentice, 19B0; Coleman, 1981). The argument then
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proceeds by calculating for sach failure time t. the oprabability that
the failure should have cccurred to the individual with covariates L.,
Motice that in addition to the individual failing at t , all the
individuals whose tailure {or censoring?) times exceed t. ark members of
a set still epyposed to the risk of failing at t., Givén such risk set
and given that a farlure oceurred at t., the proﬂability that 1t was
puperienced by the individual with covariates Zj is given by:

J ] , .
P. = S em o e T e e e s e \21)
Iy F\‘(tj)( o ity e exp (oxd

(t ) enp (7#1 3

where R(t ) 1s a set of labels containing all those who were at risk at
t.. The qdantity Yy paneesis out drom numerator and dencminator.,
What remains prm?iﬁea suffigient information on the parameters in £,
The product over all ;7 tfarlure times) gives the so called
partial liks

Several points shou be emphasized, First, the resulting partial
likelihood not enly lesaves out accounting of the cccurrence of no
gvente 1n the inter-failure intervals., It also leaves out information
aljeut  the ‘total number and sequente of failures that have occedrred
pefure gach failure time j. BSecond, as most likelihood functians in

ent history analysis, 1t alsc lgaves out information on the censoring
MECRENIERE. Atthough  Cox's partial likelihood has neither & marg:inal
nor g  conditional probabilistic interpretation, 1its maximization
produces congistent anu efficient estimates of J (Efron, 1977
Kalbtleich & Prentice,i9B0; Oakes, 1977, Tsiatis,1981).° In oparticular,
it provides estimates of the effects of covariates that, when
contrasted with those estimated using {the correct) representation of
the baseline risk, compare vrather weli (Cox & Oakes, 1984; Tuma &
Hanman, 1984), The efficiency of small sample estimates, however, 1is
notoriously redured.

In the argument used above, 1L was assumed that no ties existed in the
failure times, If they do, corrections to the likelihood can be applied
("eto, 1972; Bresiow, 1974; Efron, 1977; Dakes, 17B81). Further, if
t1ere are ties between censored and +tailure times, little 15 lost by
zssuming that the former eccur inmediately after the latter. If ties

&. It has been shown, however, that the likelibood proposed by Cox
corresponds to the margirnail likelihood of ranks {(Kalbfleish % Frentite,
15800 .
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are  wvary equent, more efficient estimates are obtained by using
discrete mmd is.

There are two adgitional issues of importance in the estimation of a
proportianal  hazard model. The first regards the pessible retrieval of
the baseline hazard., Even though the investigator may riot be interested
in drawing intferences for it, predictions cannot be made witout some
kwnowledge about it, Breslow (Breslow, 1974) has proposed a method to
derive the baseline hazard. This methed is based on an aggregation of
time into intervals defined by the ohserved inter-failure times. Other
procedures, however, are available {(Cox, 1972; kKalbfleisch % Frentice,
19803 Oakes, 19727,

The second issue regards the legitimacy of the assumption about
proportionality of hazards. This is not an assumptioen that can be
trivially justified and its appropiatness 1s as relevant ez the correct
specification and measurement of covariates, There are several
strategies that can be followed to chieck whether or not proportionality
nolds. First, general test for the analysis of residuals may be useful
(Cox % Snell, 1948; Crowley &and Hu, 1977; Kay, 1977}, These tests,
however, have been found to be somewhat unsatisfactory fLagakos, 19811,
In some cases it is possible to empirically examine nonparametric
estimates of the survival functions for subgroups characterized by
different values of the covariates (the latter have to be discrete

variables ur categorized continucus variablesi. Flots of logi-
lug(S(t)) that are parallel to each other reinforces the idea of
gportional Thazards. These tests may suggest stratification of the

sample intno subgroups within which the proportionality assumption 1is
closer to reality,

ty generally emerges when: a) there 15 an 1nteract

Mon proportionalit
of the «covariates in the moedel and time, D) there are
1a

hmtwnen i
cogvariates that are time varyiing rather than fixed, and c)
it 1 has been misspecifisgd. To test the existence of interactiaon
2 ime and vovariates it is necescary to have a method that
permits the inclusion of time varying covarliates., The same tyge of
im @ g sllew sstimation of the models whith time varying covariates

from the theory an inference with underlyin
igsues are dea t with after the next section.

T e

model misspecificatien i1g due to left out covariates, one
H

g

r

for the Apalysis of Event Histpries

though rare, there are irstances in which the events of interest
ur at  discrete timeg, Mpore common are situations in which either
tie times or fairlure are not exactly rscorded or only the nunmber of
events and censored cases within discrete intervals 15 known, Finally,
tnere are cther examples characterized by continuousiy occurring events

- o I
o
e
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with a fine (but not sxact) recording of failure times and exhibiting a
large number of ties. The latter may be induced in part by a large
number of ocbservations and in part by high rates of occurrence, In
these three cases 1t is convenient to translate the proportional harard
model into a discrete wverszion, We will briefly review a few

alterpratives strategies that permit estimation of these models.

A DIRCRETE HAIARD MODEL Suppose that events are recorded as occurring
n a number of exvugenously defined disjoint intervals. If the
d& lying visk follows a proportional hazard model, then the hazard

t ibution of a failure that occurs in the ith interval and that is

(S

h cterized by covariates 2 is given by:
1-(1-p y EXPLERLY
i

where . is the cumulated baseline risk within the interval. I+ one
assumes that censoring occurs only prior to the end of the intervals, a
gimple likelinged fupction obtains. The estimatea of the discrete
jersions of the rigk, .., are logi-log(l- d INSY) where d, and N are
re the number of failures in the 1tﬁ interval &nd the Fumber
aft als who were exposed to the risk at the begianing aof the
interval. Gimilariy, estimates o0f the effects of covariates can be
obta edure 15 reconmended when the intervals are neither
Lo fine so that the number of events contained in
th 1% Fioiently large. If there are %tuo many intervals, there

hlll be tuoo ”mﬂy nuisance parameters to estimpate. If the intervals are
too fine, the numerical opptimization methods can be guite unstable and
the variance nf the estimates large,

& LDOG LINEAR VERSION OF A HAZARD MODEL Resume as before that the
fatlure times are grouped in & number of exogenously defined discrete
intervals, Further assume that: althe hazard is a step function that
remains constant within each of the intervals, and B)fallures and
censoring are assumed to gccur in the middle of sach interval., I+ all
the covariates are diserete, it rcan be cshown that the likelihood
function reduces to the likelihood function of & log linear model. dne
can then retrieve estimates of the covariates and of the hazards within
gach intﬂrval using a program for log linear analysis suitably maodified
to take into account the exposure contributed by all those who failed
gr  were censored within the intervals (Laird & Olivier, 1%B1y Trussell
¢ Hammerslough, 1583)

S

EH

some covariates are contincous, the approach presented awove cannot
t a discrete formuiation can still be applied. However,
tw be retrigved through esperially tailored optimization

her than by ready made computers pagkages (Menksn et al,




In both cases care has to be taken tp define the intervals. 1 the
assumption made about the ewxact timing of fallures and censoring is not
correct, small imcansistencxes will result (Petersen, 1%83). The
r the ;rterv , Lhn lesser the irconsistencies will be. However,
suld  be 1 that cemaller intervals wmay lead tao laow
g of e;ent; and hence to potential instability of the
ival procedures and/ or te 1nefficiency of the estimates so
th%‘{E .

iON OF A HAZIARD MODEL To facilitate estimation through
made estimation programs, one could forsulate a
te nodel where instead of directly defining the riske ane defines
the odds uof fatlure as 1f they followed a logistic pattern:

where q., is the probab:lity at failing in interval j for indivigual
1.Incluffing a unit variahle i1n the vector 7, leads to a model in which
the cdds are ar ional tc each other. The estimate of the constant
is an estimate ot a baseline for the odds. Thus,the parameters that
pne retrieves do not correspond to estimates of effects on the hazards.
The discrepancies, however, are small when the intervzls are small or
when the underlying risks are low., The advantage of this wmodel! iz that
1te parapeters can be estimated using any of the computer packages that
have hsen designed to do analysis of discrete data {(zee Section 47,
The estimation can be done separately for each interval or Jjointly,
constraining : to be,the same (Allison, {98%Z; 1984; Builkey % Rindfuss,
1983, unpublished).” This latter feature allaows testing of models that
s @9re general than the ongs included 1n  the proportional hazards
2 fact the hypothesis car be tested that the causal praocess
nt dif&Sm time intervais. The latter may be so because:
atgs are inciuded depending on the time interval

2 the parameters : are different across

[20]
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3. 1t i1e important to notice, however, that using a package
igned to estimats a logistic model, will not provide correct
inates of the bassline risks. In fact, the estimates are obiained
if the individuals censored within the interval had been censored
rigit before the end of 1t. If this is unrealistic, simple correctionsg
will produce more accurate sstimates,
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time intervals,e.qg. the assumption of proportionality is viaolated.).
Other procedures to estimate discrete versions of a proportiopral
hazards podel have been formulated by several authors (Cox,
1e7%s8resiow, 1974;Kalbfleish & Prentice, 1980). In these formulatians
the likelihood function does pot reduce to one that can be easily
maximized Wwith standard software.

Time Varying Covariates

So tar we have assumed that the covariates included in the model are
fived. This may be a wrong representation in many cases. Frovided
that the relevant time varying covariates are exogenous to the process
{that is, their changes are not induted by the process itself), one can
quite easily formulate models incorporating them. The likelihwaod
function for the ohserved failures is very similar to the one presented
above except for the fact that the vector Z may contain & number of
covariates indexed by time. It is particulary simple to incorpaorate
categorical or discrete time varying covariates. The strategy then 1is
to censor spells each time that a covariate changes. Care must be
taken tp keep track of the correct total spell 1length 1n models
invarporating duration dependence (Petersen, 19864).

Time varying covariates may present difficulties. One coasplication is
that for the likelihowd to be maximized one requires that the
c
i

gvariates be defined at the time a failure vcours, This requirement
¢ wvery difficult to be <atisfied with plans of observations that do
not record the values of covariates continuously. To resaive this

problem ore nust resort to interpolation of values or to actually
mudeling the process that generates them (Tuma & Hannan, 1984). It has
been demostrated, however, that the estimates of the covartates are
gxtremely sensitive to the procedures tne uses to assign values to the
covariates at points when the actual information 15 wmissing (Flinn &
Heckman, 1982al.

Another complication is of a computational nature: even when there are
very few ochsegrvations and very few time varying covariates, the
numerical algorithms that can be implemented to estimate the parameters
are costly and time consuming (Allison, 1984; Cox & Dakes, 1984;
kalbfleish & Prentice, 1980). The only alternative that appears to be
tfeasible is to sacrifice some efficiency by aggregating time and to
proceed with models for discrete data described previously. Resorting
to this type of solution, however, does not permit to get around the
first complication mentioned above.




Estimation in the Fresence of Unobserved Heterogeneity

The models that we presented atove do not explicitly incorporate the
preserce of disturbances of any type. When no covariates are relevant,
the models imply the existence of a single risk for all individuals as
it all of them were homogeneous. When covariates are introduced, one
assumes  that the risks, conditioned on the values of the covariates,
are the same. Such assumption is likely to be wunrealistiec in most
applications in social sciences. It would be desirable to be able to
incorporate the presence of disturbances. However, the theaory ot
inferencs far proportional hazards wmodels in the opresence of
heterageneity +aces vconsiderable problems and is as vyet little
developed. We first distuss the nature of the problem and then review
some of the solutions that have been proposed,

THE NATURE OF THE PROBLEM We start with a simple example in which no
tovariates are opresent. Suppose that the individual risks are time
invariant. Suppase further that the populatien is initially divided
into  two subgroups one of which exhibits higher risks than the other.
As times passes the composition of the population in  terms of these
subgroups will change &nd the proportion of individuale with lower
risks will increase relative to the ore with higher risks. As a
conseguence, the aggregated risks will appear to decrease rather than
Femaln constant., Io this case, the omission of the characterigtic
defining the subgroups leads to erroneously identify a negative
duration dependence vhere there is noneg, This mechanism was long ago
argued to acount for rates of job changes that appeared to decline over
time (Blumen et al, 1953}, The w=ame idea 1is at the base of the
explanations given to account faor the 'cross- over’ of the mortality
curves of the US Black and White populaticens (Vaupel et al, 197%9) and
1t i1s a good candidate to explain declining risks af re-employment 1in
unemployment spells (Heckman % Willis, 1977},

Other examples illustrate somewhat different types of biases. Thus, if
the Individual risks exhibited positive duration dependerce but the
levels o©f the risks were different across individuals, the aggregated
ricgk would exhibit a weaker positive duration dependence, e.3. would
rise less steeply with time. In fact, the individual risks could be so
distributed that the aggregated rate would appear to be constant
{Heckman & Singer, 19836, 1984a),

In all these sxamples the structure of time dependence of the risk is
risidentified due to the omissioen of relevant covariates. A more
goaeral situation occurs when the investigator postulates models that
include both a time structure and a set of covariates that isg
incomplete to characterize the phenomenon. Since the distribution of
individual risks, will change vver time due to the effects of the left
cut characteristics, one will attribute to the time deperndence effects
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that pertain to the covariates.

STRATEGIES 1D DEAL WITH HETEROGENEITY A general proportional hagzard
model for a singie hazard in the presence cof unmeasured heterogeneity
can be written as follows:

o (T

ity Ty By 80 = i) expti¥l) % (22)

where the first componént captures the time structure of the model, the
serond reflects the effects of measured covariates, and the third is an
arror compornent., A crucial restriction in what follows is that neither
I nor & are allowed to vary with time (Heckman & Singer, 19B4a, 1984b).
The problem that the component & engenders is essentially one ot
identifyability: 1f it 1s not irneluded, the observed data may not
permit to correctly capture either the time structure or the set of
covariate effects because they are hopelessly tonfounded. If the error
component is included by making some assumptions about 1ts
distribution, the wguestion becomes whether the identified time
structure and set of effects would have been different had one changed
such distribution,

There are several strategies to control for the effects of the
heterugeneity component. We will classify them according to the type
of data that they require and to their parametric nature,

With data on single events (the jth episode of a repeated event or the
oniy epizode of an urnrepeatable event) there are two strategies. The
first one is the so called random effects model, It revolves around
the formulation of a distribution for ¢ that dependes aon a certain
number of parameteirs. It can be shown that, once the distribution 1is
gspecified, wmodel (22) vcen be manipulated to vyield & likelihood
function that does not depend on & bLut depends on the parameters
determining he time structure of the model, the set of covariates

effects, ¢, and the parameters governing the distribution of £, The
manipulation procedure is euphemiztically referred to as "integrating
aut”’ the heterogeneity tomponent. The second strategy 18

nonparametric, in  that une does not need to assume a well defined
distribution tor % but only the existence of a finite set of values for
it ( ‘suppuort points ). The estimation procedures then vyield as a
resuit -- 1n addition to estimates of the time structure and [ --
estimates of the number of support points and the sample distribution
around them (Heckman % Singer, 19B2a; Heckman & Singer, 1982h).

[+ what is available is a sample of individuals that have experienced
an event repeatedly, it is possible to eliminate the effects of £. (One
strategy reqguires that £ be the same across each episode for an
individual but possibly different across i1ndividulas {fixed efifect
model} (Judge et al, 1984). The other strategy reguires that the
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structure of time duration, conditioned on ¢, be defined by & member of
the exponential family of waiting times. If so, 1t is possible to use
multiple spells to cantel out the effects of & {(Chamberiain, 198%).

The parametric strategy with single episodes has been extensively
reviewsd (Vaupel % Yashin, 1%982) and applied in a variety of areas: for
the analysis of employment events (Flinn &% Heckman, 1%82bji, of
mortality {Manton et al, 1981), of sotial mebility (Spilerman, 19727,
gt Jjob shifts (Tums &% Hannan, 1984), and of fertility (Newman, 1%98%,

unpublished). However, 1ts application is marred by several
compiications, The first is of a tomputational nature: the procedure
requlires numerical integration in  most cases  and can INCrease

enarmausly  the time and computational costs. The second problenm is
much more serious, since it refers to the sensitivity of the estimates
of ¢ te the distributional assumptiors made about 2. It has heen shown
concrets  examples  (Heckman % Singer,1982a; Trussell % Richards,
thet the ezstimated values of ¢ rcan wvary wildly denpending &n

istribution is used., Since in sacial scignces there hardly are
any 1nstances in which we could claim to have a justification to choose
betwesn alternative distributions, this is a major stumbliing block: 1f
we  leave out the heterogeneity camponent we are probably biasing our
Fesilts, 14 it 1s introduced with parametric strateqies, the resulis
RN be biased owing to misidentification of the correct error

. i M ] s
drigtribubion.

The nonpsrametric strategy, based on work done on nanparametric ML
provedurss {laird, 1978}, wacs introduced very recently (Heckman %
Singer, 1%8Za) and more experimentation is required to pass judgment on
1vs utility., However, recent studies have revegled that 1its apparent
anvantage 15 diminished by some major limitations. The first one is
rooted in  the estimation praocedures: it is quite difficult to
numerically maximize the likelihood functian when a finite number of
sypport points i1s introduced regardless of what type of numerical
techniques ane uses {Expectation Mawimization or conventional gradient
methods). The second one 1s  that, although the set of covariates
etfects can be recovered quite well with & fixed duration structure,
citanges in the latter lead tao very different estimates of both the set
of covartate effects and the underlying mixing distribution {Trussell %
Richards, 1583). Satisfactory identification of the latter oceurs,
however, only when the underlying distribution producing heterogeneity
1 discrete, Finally, no statistical theory has been formulated far
te nonparametric sstimatory derived from the grocedures suggested by
Hgckman and Singer.

ul

FOGTENTIAL SULUTIONS The foregoing considerations suggest that in order
to avoid misleading conclusions, the selection of a duration structure
and of a mixing distribution has to be done with great caution. On the

gne hand, with single spell data, complete i1dentification of the




parameters in  (Z2) ig impossible unless some restrictions are impoged
apricri. Recent work on the area (Elbers & Ridders, 1982; Heckwan &
.nger, 19B4b) has explored the identifyiability of families of models
that depend on flexaible duration structures and on mixing distributions
hat have mare structure than those of the non parametric approach,

[xd

Bn the other hand, multiple spell data convey more information than
s:ingle spell data and may permit the removal of restrictive
agsumptions., The problem here 1s that information on wmultiple spells
wiay be of lower quality thar that that for single spells, Yet,
gxploitation of these type data deserves as amuch attention as the
introduction of refinements for the study of single spell data with
heterogeneity components,




AVATLABLE SOFTWARE FOR THE ESTIMATION OF MODELS.

This is a brief summary of computer programs that are available for
estimation of the models proposed in the previoussection. The listing
ig limited to ready-made packages that can be directly used to estimate
hazard models. We do net describe general eptimization programs that
can be wmodified to estimate hazard models. Most of the prablems
generated by dealing with heterogeneity ragquire use of the latter.

Two special programs have been written for analysis of event history
data. One of them 1is available from Kalbfleisch and Frentice and a
listing 15 published in the Appendix to their book., It is a program to
estimate the partially parametric (Cox’s) proportional hazards models
with Lltime varying tovariates. The other ic the program called RATE
{Tuma,197%), This program permits the introduction of time dependent
covariates and the estimation of linear and log-linear models for the
harard with or without time dependecy (Gompertz models). It is aisso
pussible, but & bit cumbersome, to estimate the partially parametric
proportiocnal hacards model. A new version, scon to be released, should
intrease the variety of nodels that can be estimated and aiso ailow for
aasy variaole transformations.

M ( Baker % Nelder, [%78) is a gereral purpose program which fits
& Linpar @ Legistic modelszs can be very esasily estimated.
mariptlation 1t also pussesses the capability for producing
o uf the exponetial, Weibull, and log-logistic hazard wodsls.

BMDPY  Revent releases directly incorporate a program to estimate the

partially parapetric proportional hazards model with time varying
covarlates and cerrettions for the occurrence of ties. A program to
ohtain both Life-Table and FKaplan-Maier estimates af the Survivor
functiprs 18 also available, BMFD also contains general algorithims
that can be utilized for maximization of likelihood functions with or
without ewact derivatives (F3R). These algorithms may be used tao
estimateg all the main harard models, including models with time varying
cyvariates, using a special subroutine developed by Petersen (1984).

LIGLIN: This program was developed by Dlivier and Neff (Dlivier % Neff,
1776). It allows estimation of the hazard modeles with discrete
cgvariates and gpermits exact accouriting of exposure. It also permits
toy combine categories of variables, It is inflexible for creating new
variablwg f(dats wmust be prepared before hand) and does not a2llow too
puth flexibility 1in specifying different models far different
intervals, OGLIM is more efficient in this regard.

SR8G:  Recent reles permit estimation of the survivor function and
tests for differences between surviver functions., Hazard models cannot

g3
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