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Abstract

Survey nonresponse makes identification of population statistics problematic.
Except in special cases, identification is possible only if one makes untestable
assumptions about the distribution of the missing data. However, non-response does
not preclude identification of bounds on population statistics. This paper shows
how identified bounds on unidentified population statistics can be obtained under
several forms of nonresponse. Organizations conducting major surveys commonly
release public-use data files that provide nonresponse weights or imputations to be
used for estimating population statistics. The paper shows how to bound the
asymptotic bias of estimates using weights and imputations. The results are
illustrated with empirical examples based on the National Longitudinal Survey of

Youth.



1. Introduction

Survey nonresponse is problematic for the identification of population
statistics. Whether nonresponse takes the form of particular missing data items or
entire missing interviews, the only way to identify population statistics is to make
assumptions that determine the distribution of the missing data. A fundamental
problem of empirical analysis is that such assumptions are untestable.

Organizations conducting major surveys commonly release public-use data files
that provide nonrespcnse weights and imputations to be used for estimating
population statistics. Weights are alsc used to compensate for planned variation
in sampling rates across strata of the population, but this usage is distinct and
not of concern here. Available survey data cannot validate the distributional
assumptions underlying weights and imputations. These data can, however, be used
to determine the logically possible values of the population statistic of interest
and, hence, to bound the asymptotic bias of estimates using weights and imputations.
This paper shows how.

Our analysis is unabashedly conservative. Our objective is to characterize
the inferences that can be drawn in the absence of untestable assumptions about the
distribution of the missing data. Through this “worst-case” analysis, we hope to
correct the imbalance that we perceive in the literature on survey nonresponse. The
literature has focused almost entirely on “best-case” scenarios in which population
statistics are identified by imposing strong assumptions on the distribution of the
missing data. For example, the multiple imputation analysis of Rubin (1987) assumes
that nonresponse is ignorable. Likewise, the weights commonly provided with public-
use data files are computed under the assumption that nonresponse is ignorable. As

we see matters, it is not enough for empirical researchers to know that imputations



and weights work well if specified assumptions hold. It is equally important to be
able to characterize the inferences that may be drawn without imposing these
assumptions. As emphasized in Manski (1995), conservative analysis of the type
performed here allows the establishment of a domain of consensus among researchers
who may hold disparate beliefs about what assumptions are appropriate.

Threughout the paper, we assume that each member of the population is
characterized by a value of (y, x, w, z), where y € Y is an outcome of interest, x
€ X and w € W are covariate vectors, and z 1s a binary variable indicating
nonresponse. We focus on the problem of estimating conditional expectations of the
form E[g(y)]x € A]l, where g(-) is a specified real-valued function of the outcome
vy and A is a specified set of values of the covariates x. We assume that a random
sample 1is drawn and that some observations of y and/or x are censored by
nonresponse. We let z = 1 indicate that (y, x) is fully cbserved and z = 0 that
data are missing. The covariate vector w, which is always observed, is used to
compute weights and imputations.

In the theoretical secticns of the paper, we focus attention on the core
problem of identification and abstract from concerns of finite-sample inference.
Thus, we assume that features of the populaticn identified by the censored random
sampling process are known rather than simply estimable. When we speak of bias, we
mean asymptotic bias. In several empirical examples, we examine both the
identification and the sampling aspects of inference.

To introduce themes, Section 2 considers the familiar case in which the
outcomes y are censored but the regressors X are not. In this setting, the
identifiability of conditional expectations 1is transparent. We determine the
probability limits of estimates using weights and imputations and bound the

asymptotic bias of these estimates. We give an empirical example using data from



the 1979 Natiocnal Longitudinal Survey of Youth (NLSY79) to estimate employment
probabilities.

Section 3 examines joint censoring of the outcomes y and the regressors x.
We find that this problem, which has not been studied previously, 1is formally
equivalent to the problem of identification when only outcomes are censored, except
that the effective censoring rate 1is higher than the actual one. We give an
empirical example using NLSY79 data to estimate unemployment rates.

Section 4 examines the case in which regressors are censored but outcomes are
not. This problem, which also has not been studied previously, turns out to be
related to the problem of identification from contaminated data studied in Horowitz
and Manskil (1995).

The three problems examined in Sections 2 through 4 -- outcome censoring,
joint censoring, and regressor censoring -- are polar cases. In practice,
researchers often face mixed cases of greater complexity. Section 5 examines a type
of mixed censoring problem that arises commonly in panel data. Some sample members
are never interviewed, and so have their outcomes and all regressors censored.
Others are interviewed in early waves of the survey but later drop out of the panel,
and so have their outcomes and a subset of regressors censored. We use the NLSY79
data to illustrate.

The analysis in Sections 2 through 5 takes the administration of a survey as
given. Section 6 considers the situation of a survey organization which may act to
reduce the nonresponse rate. Here we characterize how increases in response rates
yield gains in identification. Section 7 gives conclusions.

An important generic finding of this paper is that estimates using weights are
potentially more biased than are those using imputations. Estimates using

imputations take the observed data as given and specify logically possible values



for the missing data. Hence imputation always yields a logically possible value of
the conditional expectation of interest, regardless of how the imputed values are
computed. Estimates using weights modify the observed data. We show that, unless
the weights are computed in particular ways, weighting need not yield a logically

possible value of the conditional expectation.

2. Qutcome Censaring

We begin with the widely appreciated and easily understood problem of ocutcome
censoring, also known as the selection problem. Thus, in this section we assume
that only observations cf y are missing. Realizaticns of x are always observed.

The binary variable z indicates whether or not y is observed.

2.1. Identification and the Asymptotic Bilas of Estimates

We begin with the identifiability of E[g(y)|x € A]l. As in Manski (1994,
1995), let K, = inf,., g(y) and K, = sup,., g{y}, where Y is the domain of y. Define

E[g(y)|A] = E[g(y)lx € Al and observe that

(1) Elg(y)|Al = Elg(y)|A, z = 11-P(z = 1|a) + Elg(y)|A, z = 0] -BP(z = o|A).

The censored sampling process identifies the mean E[g(y)|A, z = 1] of the uncensored
cbservations, the response probability P(z = llA), and the nonresponse probability
P(z = O‘A), but provides no information on the censored mean E[g(y)lA, z = 0]. The

last quantity, however, necessarily lies in the interval [K,, K;]. This implies the



sharp bound

(2) E[g(Y)IA, 4 1] -P(z = lIA) + K,°Plz = OIA) < E[g(y)’A]

Elg(y)|A, z = 1]1-P(z = 1|A) + K,-P(z = 0|A).

[Ta¥

Thus, the available survey data do not identify E[g(y)|A] but do restrict its value
to an interval of width (K, - K,) -P(z = 0|A).

Let O, denote an estimate of E[g(y)'A] obtained in a sample ©f size N and let
6 be its probability limit. The bias of © (or asymptotic bias of 8, is

o - Elgty) |Al. By (2),

(3) 0 - Elg(y)|A, z = 1]1-P(z = 1|A) - K-P(z = 0|]B) < 6 - E[g(y)|A]

< 0 - Elg(y)|A, z = 11-P(z = 1]|A) - K,-P(z = 0|A).

The lower bound in (3) is the maximum negative bias of 06 and the upper bound is the
maximum positive bias.

An empirical researcher should restrict attention to estimates O that lie
within the bound (2) on E[g(y)lA]. After all, if 6 lies outside the bound, an
estimate with unambiguously smaller bias is always available, namely the bound
endpoint nearer to ©.

It is relevant to note that over forty years ago, in a study of the
statistical problems of the Kinsey report on sexual behavior, Cochran, Mosteller,
and Tukey (1954, pages 274 - 282) used bounds of the form (2) to express the
possible effects of nonresponse to the Kinsey survey. Unfortunately, the subsequent

literature did not pursue the idea.



2.2. Estimation Using Weights and Imputations

WEIGHTS: Suppose that a random sample of size N has been drawn. Let N(1, A) denote
the subset of sample members for whom z = 1 and x € A. In weighting approaches to
estimation of E[g(y)IA], one assigns to each member of N(1, A) a weight s(w) that
varies with the observed value of the covariate w. One then estimates E[g(y)'A] by

the weighted average

(4) 0, = — z s(w;) -gly;),
N, I € N{(1, &)

where N,, is the number of sample members in N{(1, A). The probability limit of €,
is
(5) 8 = Els(w)-gly)|A, z = 1].

A minimal criterion for reascnableness of any estimate of E[g(y)lA] is that
the estimate should asymptotically lie within the bound (2), which gives the
logically possible values of E[g(y)|A]. Weighted means of the form (5) necessarily
satisfy this criterion if the weights s(-) have particular forms, but may not
gatisfy it otherwise.

The public-release files of major surveys typically provide weights of the

form



A simple example suffices to show that estimates using
asymptotically lie outside the logically possible range of E[g(y)lA].

nonrespense cn y is concentrated outside the set A; that 1is,

such

P(z

welghts can

Suppose that

< 1 but

P{z = llA) = 1. Then the bound (2} is degenerate at the wvalue E[g(y)lA, z = 1].

The weighted estimate lies outside the bound unless the estimate happens to equal

Elgly) |a, z = 1].

The basic flaw in using public-use weights of the form

to estimate

conditional means of the form E[g(y)lA] is that the response probabilities P(z = 1}

and P(z = llw) do not condition on the event [x € A]. This flaw is eliminated by

use of weights of the form

he]
N
1]

1|a)

Pl(z = 1|A, w)

With these weights, Bayes Theorem implies that

(8) s(w) -P(wla, z = 1) = P(w|a).

It follows that

(9) Els(w)-gly)|A, z = 1]

"
-
£
1
s
b=l
=
I
=
>
N
[
=

% Els(w)-gly)|a, z
veWw

= L E[gy)|a, z =1, w=vl-P(w=v|a)
veEW
= £ E[g(y)IA, z =1, w=v] -Plw = le, z = 1)-P(z

veEW



+ TElQWIA z =1, w=v]-P(w=v|A z=0) Plz=0]A
vEW
= Elg(y)|a, z = 11 -P(z = 1]a)

+

z E[g(y)|A, w=vVv, z =1]-P(w = VIA, z = 0)-P{z = OlA).
vewWw

Observe that K, < E[g(y)lA, w=1v, z=1] < K, all v € W. Hence the right side of
(9) lies within the bound (2).

Selection of weights of the form (7) implies that the asymptotic weighted
estimate E[s(w)-g(y)|A, z = 1] is a logically possible value of E[g(y)‘A], but does
not imply that this estimate equals E{g(y)lA]. Inspection of the right side of (9}
shows that the estimate does equal E[g(y)lA] if g(y) is mean-independent of z,

conditicnal on (A, w); that is, if

(10) Elg(y)|A, w, z = 1] = Elg(y)|A, w, z = 0].

If this untestable condition holds, nonrespconse on g(y) is said to be exogenous or
ignorable conditional on (A, w).

An interesting result holds whenever the covariates w used to form weights of
the form (7) are statistically independent of vy, c<onditional on the event

(A, z = 1). In such cases, (5), (7), and (8) imply that

Elg(y) |A, z = 11 -E[s(w) |A, 2

,-\
)
)
—
<D
1
1]
=

E[g(y)lA, z = 1] ¥ s{v)-P(w = VIA, z = 1)
veW



= E[g(y)’A, z =1] ¥ P{w = v’A)
veEW
= Elgly)|a, z = 1]
Thus the weighted estimate reduces to the unweighted one E[g(y)IA, z = 1] . This

result may explain some of the many reports by empirical researchers that their

weighted and unweighted estimates of population statistics are similar in magnitude.

IMPUTATION: In imputaticn approaches, one assigns equal weights to all respondents,
whether or not they report y. Each sample member who does not report y is assigned

an imputed value y* € Y. The quantity E[g(y)IA] is estimated by the sample average

(12) 0, = — L [gi{yz, + gly}(1 - z)1,

N, I e N{A)

where N(A) is the subsample of respondents with x € A, and N, is the size of N(A).

The prcobability limit of this estimate is

(13) © = Elg(y)|A, z = 11-P(z = 1|A) + Elg(y") |A, z = 0]-P(z = 0|A).

Imputation uses the observed data as given and directly imposes a distribution
on the censored data. Hence estimates using imputation always yield logically
possible values of E[g(y)|A], regardless of how the imputed values are cocmputed.
To verify this, observe that K; < E[g(y’)lA, z = 0] < K,. Hence the right side of
{13) necessarily lies within the bound (2).

Comparison of (13} and (1) shows that an estimate using imputation equals



Elg(y) |a] if

(14) Elg(y)|A, z = 01 = Elg(y)|a, z = 0].
The available data do not reveal the left side of (14), so this condition 1is
untestable.

Imputation requires a rule to generate the predicted values y'. It is common

to assign each respondent I with missing outcome data the imputed value

(15) vy, = E(y|A, w=mw, 2z =1).

The resulting estimate equals E[g(y)|A] if g{+) is linear in y and nonresponse is
exogenous. In multiple imputation, realizations of y} are drawn at random from the
distribution P(y’A, w =w, Z = 1). The probability limit of an estimate obtained

in this way equals E[g(y)IA] if y is statistically independent of z, conditional on

(A, w).

2.3. An Empirical Example

This section presents an empirical example that illustrates some of the
theoretical results derived in sections 2.1 and 2.2. We use the 1979 National
Longitudinal Survey of Youth to estimate the probability that a member of the
surveyed population is employed in 1991. The surveyed populaticn consists of
individuals born between January 1, 1957 and December 31, 1964 who resided in the
United States in 1979. From 1979 on, the NLSY79 has yearly sought to obtain

interviews with a random sample of this population and with several supplemental
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gsamples of special subpopulations (see Center for Human Resource Research, 1992).
We use the random sample data here.

In this example, the outcome y indicates an individual’s employment status at
the time of the 1991 interview. In the 1979 base year, the NLSY79 sought to
interview a random sample of 6812 individuals and succeeded in obtaining interviews
from 6111 of the sample members. Data on employment status in 1991 are availlable
for 5556 of the 6111 individuals interviewed in the base year. The remaining 555
are nonrespondents, some because they declined to be interviewed in 1991 and some
because they did not answer the employment-status question in their 1991 interviews.

Table 1 presents these response statistics and the frequencies with which different

Table 1: 1991 EMPLOYMENT STATUS OF NLSY79 RESPONDENTS

Employment Status Number of Respondents
Employed (y = 2) 4332
Unemployed (y = 1) 297

Out of Labor Force (y = 0) 927
Ever-interviewed Nonrespondents 555
Never-interviewed Nonrespondents . 701

Total 6812

outcome values are reported.

The population nonresponse rate, which takes account of sample members who

11



were never interviewed, is P(z = 0) = 1256/6812 = 0.184. Researchers computing

nonresponse rates to gquestions in the later years of longitudinal surveys often

condition on the event that a sample member was interviewed in the base year. Let
this event, which is always observed, be denoted BASE. Then the “ever-interviewed”
nonresponse rate for employment status in 1991 is P(z = O|BASE) = 555/6111 = 0.091.

The empirical probability of employment among the 5556 individuals who respond
to the 1991 employment-status questicn is Py = 2|z = 1) = 4332/5556 = 0.780. The
censored probability of employment among nonrespondents is bounded by 0 and 1.
Hence equation (2) yields the following bounds on the population and the ever-

interviewed employment probabilities P(y = 2) and P(y = ZIBASE):

A

(0.780) (0.816) < Py = 2) < (0.780}{(0.816) + (0.184)

(0.780) (0.909) Py = Z\BASE) < (0.780) (0.909) + (0.091)

[7ay

or 0.636 < P(y = 2) < 0.821 and 0.709 < P(y = 2|BASE) < 0.800.

SAMPLING VARIATION: The theoretical focus of this paper is identification, but
empirical research must also be concerned with sampling variation. A useful way to
characterize the implications of sampling variation 1s to present confidence
intervals on the estimates of the bounds. Consider P(y = 2). Some algebra shows
that the bound given in (2) may be rewritten as

Ply =2, z=1) < Ply=2) < 1-P(y#2,z=1).

The asymptotic standard errors of the estimates of the lower and upper bounds are

12
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where N = 6812 is the sample size. A Bonferroni asymptotic joint confidence region
with level at least 95 percent is obtained by forming the intersection of individual
97.5 percent regions. These regions are the point estimates of the lower and upper
bounds + (2.24)S, and + (2.24)S; respectively.

Substituting sample frequencies for population probabilities yields

P{y = 2, z = 1) = 4332/6812 = 0.636
P(y # 2, z = 1) = 1224/6812 = 0.180
S. = [(0.636)(1 - 0.636)(1/6812)]% = 0.0058
S, = [(0.180)(1 - 0.180)(1/6812)]* = 0.0047.

So the estimated asymptotic joint Bonferroni 95 percent intervals are

ay

0.623 < lower bound on P(y = 2) < 0.649
0.810 < wupper bound on P{y = 2) < 0.831.
Analogous computaticons conditioning on the event BASE yields

2|BASE)

1A

0.696 < lower bound on P(y 0.722

0.788 < upper bound on P(y = 2|BASE) < 0.811.

Cbserve that these confidence intervals are much narrower than the widths of
the estimated bounds. Thus, identification is the dominant problem in inference on
P(y = 2) and P(y = 2|BASE) from the NLSY79 data; sampling variation is a second-
order concern. Bbstracting from the example, this is the generic conclusion to be
drawn except in situations where the sample size is quite small or the response rate
is very close to one. Indeed, this conclusion was reached over forty years ago by

Cochran, Mosteller, and Tukey (1954) in their examination of the implications of

13



nonresponse in the Kinsey Survey.

WEIGHTED ESTIMATION: Finally, let us use the sampling weights provided with the
NLSY79 public-use file to estimate the population employment probability. As
described by Frankel, McWilliams, and Spencer (1983), these weights are intended for
use in estimating population statistics from the “full” NLSY79 data, which consist
of the random sample used here plus the supplemental samples of special
subpopulations. Nevertheless, researchers often apply the weights to the random
sample NLSY79 data. Insertion of the NLSY79 sampling weights into equation (4)
yields 0.796 as the weighted estimate of the population employment probability.
The weighted estimate lies within the bounds and so gives a logically possible
value for P(y = 2). The estimate implies that nonrespondents have higher employment

probabilities than respondents. To see this, consider the probability decomposition

Py = 2) = Ply=2|z=1P(z=1) + P(y=2|z=o0)P(z=o0).

The raw NLSY79 data give P(z = 1) = 0.816 and P(y = 2|z = 1) = 0.780. Using the
weighted estimate 0.796 as the value of P(y = 2), the implied employment probability
for nonrespcondents is P(y = 2|z = 0) = 0.867. Thus, a researcher who applies the
NLSY79 sampling weights implicitly assumes that the employment probability for
nonrespondents is 0.087 higher than that for respondents. This result contrasts
with the finding of MaCurdy, Gritz, and Mroz (1994) that individuals who
subsequently dropped out of the panel and individuals who dropped out and later
returned respectively had lower pre-drop out and post-return employment rates than

individuals who never dropped out.
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3. Joint. Censoring. of Outcomes and Regressors

Whereas we assumed in Section 2 that only y i1s censored, we examine here the
joint censoring problem in which nonresponse on y 1ls accompanied by nonresponse on
x. Thus z = 1 now indicates that (y, x) is observed and z = 0 that (y, x) 1is
missing.

Joint censoring of outcomes and regressors is the generic consequence of
interview nonresponse, which occurs when sample members refuse to participate in the
survey or cannot be contacted by survey administrators. Interview nonresponse is
ubiquitous in survey research. Hence, it is curious that the identification problem
generated by jolnt censoring has not previously been explored.

Joint censoring is also induced by conditioning on sets of outcome wvalues.
Suppose that one wants to estimate a conditional expectation of the form
E[g(y)ly € B], where B is a specified set of outcome values. When data are missing
on the outcome y, they are also missing on the conditioning event {y € B}. To
illustrate, let y denote income, let y, denote the official poverty line, and
consider the problem of inference on the mean income of persons below the poverty
line. If some respondents do not report their incomes, inference on E(yl Y < Yol

poses a joint censoring problem.

3.1. Identification and the Asymptotic Bias of Estimates

To determine the identifiability of E[g(y)lA], we begin again with the

decompositicn given in (1), namely

Elg(y)|al = Elg(y)|a, z = 11-P(z = 1]|A) + Elg(y) |A, z = 0] -P(z = 0|A).

15



When only y 1s censored, the only unknown quantity on the right side is

E[g(y)IA, z = 0]. When (y, x) are jointly censored, the response probability
P(z = 1|A) is not known either. We can, however, establish a sharp bound on
P(z = llA).

Use Bayes Theorem to write

(16) P(z = 1|A) =

P(Alz = 1)P(z = 1) + P(A]|z = 0)P(z = 0)

Inspect the right side of (16). The sampling process identifies P(A‘z = 1),
P(z = 1), and P(z = 0), but is uninformative about P(A|z = 0). Setting P(Alz = 0)
= 1 yields the sharp lower bound on P(z = 1|A), and setting P(A|z = 0) = 0 yields

the sharp upper bound. The result is

(17) P.(z = 1]|a) < P(z = 1|a)

1A
=
-

where

P(Alz = 1)P(z = 1)

(18) Pp.(z = 1|A) =

P(Alz = 1)P(z = 1) + P(z = 0)

We call P.(z = 1‘A) the effective response probability and P (z = O|A) = 1 -
P.(z = 1|A) the effective nonresponse probability.

We can now establish the identifiability of E[g(y)|A]. The censored mean
E[g(y)|A, z = 0] lies in the interval [K,, K,] and the response probability

16



P{z = 1|A) lies in the interval [P.(z = l[A), 1]. Hence, (1) implies the sharp

bound

(19)  Elg(y)|A, z = 1]-P.(z = 1|A) + K,-P.(z = 0[A) < Elg(y) |a]

< Elg(y)|a, z = 11-P.(z = 1]A) + K -B.(z = 0|A).

The bound (19) under joint censoring of (y, x) has the same form as the bound

(2) under censoring of y alone, except that the effective response probability

replaces the actual response probability. Observe how the magnitude of the
effective response probability varies with P(A|z = 1), falling from P(z = 1) to zero
as P(A|z = 1) falls from one to =zero. Thus, inference on E[g(y)|A] becomes

increasingly difficult as P(A|z = 1) falls, and is not feasible at all when P(Alz
= 1) = 0. In this sense, joint censoring generates a qualitatively more difficult
inferential problem than does outcome censoring.

Finally, (19) implies this sharp bound on the asymptotic bias of an estimate

of E[g(y)|A]:

(20) ® - Elg(y)|A, z = 11-P.(z = 1|A) - K.-P.(z = 0|A) < 6 - Elg(y)|A]

< 0 - Elgly)|A, z = 11-P.(z = 1|A) - K,-P.(z = 0|A).

17



3.2. Estimation Using Weights and Imputations

WEIGHTS: When outcomes and regressors are jointly censored, the weighted average
estimate (4) remaina computable and its probability limit remains E[s(w)-g(y)lA, z
= 1] . Nevertheless, there are important differences between the present situation
and the one examined in Section 2.

The maximum asymptotic bias of the estimate is greater under joint censoring
than under outcome censoring. Under outcome censoring, the available sample
infermation implied that E[g(y)lA] lies within the bound (2), so that bound was used
to compute the bound (3) con the asymptotic bias of the estimate. Under joint
censoring, the available sample information implies only that E[g(y)|A] lies within
the wider bound (19). Hence, we obtain the wider bound (20) on the bias of the
estimate.

In Section 2, we saw that the weighted estimate asymptotically must lie within

the bound (2) if the weights have the form (7), namely

P(z = 1]|a)
s(w) =
Pz = 1]a, w)
Under joint censoring, the ratio Pz = 1|A)/P(z = 1|A, w) 1s generally not
identified and so weights of this form are not computable. An exception is the

special case where w is statistically independent of z, conditional on A. Then (7)

reduces to s{w) = 1 and we obtain the unweighted estimate E[g(y)lA, z = 1].

18



IMPUTATION: When outcomes and regressors are jointly censored, the imputation
estimate (12} considered in Section 2 is not computable because the composition of
the subsample N{A) is not known. In the present setting, each sample member who

does not report (y, x) may be assigned an imputed pair of values (y*, x'). The

quantity E[g(y)’A] may then be estimated by the sample average

1
(21) O, = o alyy) + L glyd)
N.n + N3, I & N(1, A) I ¢ N'(0, A)
1 1
= oy — X gly) + (1 - o) —— L glyh.
Niyn I e N(1, A) Nta I 2 N"(0, A

Here N(1, A) is the subsample of respondents with z = 1 and x € A, N'(0, A) is the
subsample with z = 0 and x* € A, and IOy = N,/ (N, + Ni.).

The probability limit of this estimate is

(22) © = Elg(y)|A, z = 11 1 + Elgl(y) |x* e A, z = 0]-(1 - ),
where

P(Alz = 1)p(z = 1)
(23) I =

P(Alz = 1)P(z = 1) + P(x" € Alz = 0)P(z = 0)

The value of II depends on the imputaticn rule but necessarily lies in the interval
[P,(z = 1|A), 1]. 1t follows that © always lies within the bound (193) on E[g(y)iA],
regardless of how the imputed values are computed. Comparison of (22) and (1) shows

that © equals E[g(y)|A] if these untestable conditions hold:
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(24a) P(Alz = 0) P(x" ¢ Alz = 0)

(24b) Elg(y)|A, z = 0] = Elgly)|x* € A, z = 0].

3.3. An Empirical Example

In Section 2.3, we used NLSY79 data to estimate the probability that a member
of the surveyed population is employed in 1991. These data may be used in the same
way to estimate the probability that a member of the population is unemployed or out
of the labor force. Consider, however, the problem of inference on the official
unemployment rate as measured in the United States by the Bureau of Labor
Statistics. The officilal unemployment rate is the probability of unemployment
within the subpopulation of persons who are in the labor force. When the 1991
employment status of an NLSY79 sample member is not reported, data are missing not
only on that individual’s unemployment outcome but alsc on his or her membership in
the labor force. Thus, inference on the official unemployment rate poses a joint
censoring problem.

Using the notation introduced in Section 2.3, the quantity of interest is Ply
= 1|y e {1, 2}] or, perhaps, Ply = llBASE, y € {1, 2}]. Using the data in Table 1,
we find that the empirical unemployment rate among the individuals who respond to
the 1991 employment-status question and who report that they are in the labor force
is Ply = 1|y e {1, 2}, z = 1] = 297/4629 = 0.064. To compute the effective response
probability P,[z = lly e {1, 2}1, we need the unconditional response probability P(z
= 1) and the probability Ply € {1, 2}|z = 1] of being in the labor force conditiocnal
on response. These are P{z = 1} = 5556/6812 = 0.816 and P[y € {1, 2}12 = 1] = (4332

+ 297) /5556 = 0.833. Hence P,[z = 1|y € {1, 2}] = 0.787. Equation (19) now yields
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the following bound on the cfficial unemployment rate:

(0.064)(0.787) < Ply = 1|y € {1, 2}1 s (0.064)(0.787) + 0.213

or 0.050 < Ply = l'y e {1, 2}] < 0.263. The analogous computations conditioning on
the event BASE yield 0.057 < Ply = 1|BASE, y € {1, 2}] < 0.164. Using the NLSY79
sampling weights yields 0.055 as the weighted estimate of the official unemployment
rate.

As in the previous example, we estimate asymptotic joint Bonferroni confidence
intervals for the estimates of the bounds. The derivations in this example are more

lengthy than in the previous one, and sc are given in an Appendix. The results are

0.044 < lower bound on Ply = 1|y e {1, 2)] < 0.057
0.251 < upper bound on Ply = 1|y e {1, 2)] < 0.277.
and
0.050 < lower bound on Ply = 1|BASE, y e {1, 2)] < 0.065

728

0.153 < upper bound on P[y = 1|BASE, y ¢ {1, 2)] 0.178.
As in the previous example, these confidence intervals are much narrower than the

widths of the estimated bounds. Here, as before, identification is the dominant

inferential problem.
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4. Regressoxr. Censoring

In this section, we assume that only observations of x are missing.

Realizations of y are always observed. Thus z = 1 indicates that x is observed and
Zz = 0 that x is missing. Regressor censoring, like joint censoring, has not
previously been studied. The analysis below shows that regressor censoring

generates its own distinctive identification problem.

4.1. Identification and the Asymptotic Bias of Estimates

To determine the identifiability of E[g(y)’A], we combine the deccmposition

(1) with Bayes Theorem (16) to write

P(Alz = 1)p(z = 1)

(25) Elgly) |Al = Elg(y)|A, z = 11

I
e
o
)
i
2

P(Alz = 1)P(z = 1) + P(A|z

0)

P(Alz = 0)B(z

P(Alz = 1)P(z = 1) + P(A|lz = 0)P(z = 0)

When y and x are jointly censored, the available sample data reveal nothing about

E[g(y)lA, z = 0] and P(A\z = 0). When only x is censored, however, the sample data

reveal the distribution P(y‘z = 0). Knowledge of P(y|z = 0) implies restrictions

on E[g(y)’A, z = 0], and so we are able to narrow the bound obtained in Section 3.
To begin, observe that

(26) Plylz = 0) = P(y|la, z =0 -p + P(y|E, 2 = 0)-(1 - p),
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where p = P(Alz = 0) and where A is the complement of A. Let ¥ denote the set of

all distributions on Y. Proposition 1 of Horowitz and Manski (1995) shows that, if

p is known, (26) implies this sharp restriction on P(y]A, z = 0):

(27) Plyla, z =0 € w(p) = ¥ n {[(Pl(ylz =0 - (1 - plul/p, ¥ € ¥}.
Hence we have this sharp p-dependent restriction on E[g(y)]A, z = 0):

(28) Elg(y)|a, z = 0] ¢ G(p) = [fg(y)dy, we v(p]l.

Let g,(p) = inf [h: h € G(p}] and g, (p) = sup [h: h € G(p)] be the sharp lower
and upper bounds on the value of E[g(y)|A, z = 0]. Then (25) implies this sharp p-

dependent bound on E[g(y)lA]:

(29) Elg(y)|a, z = 1]

p:P(z = 0)

P(Alz = 1)P(z = 1) + p-P(z = 0)

< Elgly)|al <

P(Alz = 1)P(z = 1)

P(Alz = 1)P(z = 1) + p-P(z = 0)
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Horowitz and Manski (1995) give explicit expressions for g,(p) and g,(p} when g{-)
ig the identity function g{(y) = y and when g{(:) is the indicator function g{y) = 1l[y
€ B], where B is a subset of Y.

Of course p is not known, so the bound (29) is not computable. The available
sharp bound on E[g(y)]A] is obtained from (29) by minimizing the lower bound over
p € [0, 1] and by maximizing the upper bound over p. Sco we have this sharp bound

on El[g(y) |Al:

P(Alz = 1)P(z = 1)
(30) inf { Elg(y)|a, z = 1]
p P(Alz = 1)P(z = 1) + p-B(z = 0)
p-P(z = 0)
+  geip) }

P(Alz = 1)P(z = 1) + p-Plz = 0)

< Elgly) |al]

I

]
=

sup { Elgty) |3, =z
p P(Alz = 1)BP(z = 1) + p-P(z = 0)

+ g.(p) }

The sharp bound on the bias of an estimate O follows immediately.

Regressor censoring yields all of the sample data available under joint
censoring of outcomes and regressors, so the present bound must be a subset of the
bound previcusly obtained under joint censoring. To verify this, observe that K,

< golp) < g,(p) < K, for all p. Hence, (30) is a subset of the bound
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(31) inf { Elg(y)|A, z = 1]
P P(Alz = 1)P{z = 1) + p-P{z = 0)

p P(Alz = 1)P(z = 1) + p-P(z = 0)

The sclution tc (31) is the bound (19} obtained under joint censoring.

The bound under regressor censoring typically is a proper subset of the bound

under Jjoint censoring. In fact, E[g(y)|A] may even be identified in the presence
of regressor censoring. To show this, we consider the extreme case in which the
observable distributicn P(ylz = 0) is degenerate, with all its mass at some value
¢ & Y. Then g,(p}) = g,(p) = gle¢) for all p > 0. The bound (30) reduces to

E[g(y)|A]

A

(32a) Elg(y)|a, z = 1)

Elg(y) |, z = 1]1-p.(z = 1|a) + gl(c) -P.(z = 0|A)

IA

1]

1A

g({c) and

when E[g(y)|A, z

(32b) Elg(y)|A, 2z = 11-P.(z = 1]|A) + g(c)-P(z = 0|A) < Elgly)|al

< E[g(y)|A, z = 1]
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when E[g(y)’A, z = 1] =z glc). Here P,(z = 1|A) is the effective response
probability defined in (18).

Analyzing joint censoring of outcomes and regressors, we found that the bound
on E[g(y)’A] widens toward the noninformative interval {K,, K,] as the effective
response probability falls towards zero. Examining (32), we find that the bound on
E[g(y)'A] widens as P,(z = 1’A) falls, but its limit is the informative interval
whose endpoints are E[g(y)’A, z = 1] and gl(c). If P(ylz = 0) happens to have all
its mass at a point c¢ such that g{c) = E[g(y)lA, z = 1], then E[g(y)lA] is

identified.

4.2. Estimation Using Weights and Imputations

WEIGHTS: When regressors are censored, the weighted average estimate (4) continues
to be computable and its probability limit remains E[s(w)-g(y)’A, z = 1]. As in the
case of joint censoring of outcomes and regressors, weights of the form (7) are
generally not computable except for the unweighted estimate E[g(y)'A, z = 1]. The
unweighted estimate lies within the bound (30), and so is a logically possible value

of Elg(y) |Al.
IMPUTATION: When regresscors are censored, each sample member who does not report x

may be assigned an imputed wvalue x*. The quantity E[g(y)'A] may then be estimated

by the sample average
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(33) 6, = glyd) + gy
N,, + N3, I 2 N{(1, A) I 2 N'(0, A)
1 1
= My — & gly,) + (1 - my) - z gly) .
N,, I & N(1, A) Nea I e N'(0, A)

where N(1, A), N"(0, A), and 0, were defined previously. The probability limit of

the estimate is
(34) 6 = Elgly)|a, z = 11-m + Elg(y)|x e A, z = 0]-(1 - m),
where I was defined in (23).

Comparison of (34) and (1) shows that 0 equals E[g(y)IA] if these two

untestable conditions hold:

(35a) P(Alz = 0) = P(x* e Aalz = 0)

(35b) Elgly)|A, z = 0] = Elgly)|x €A, z = 0].

0 always lies within the bound (30) on E[g(y)|A], regardless of how the imputed
values are computed. To see this, set p = P(x" € A|z = 0) 1n (29). Then the p-

dependent bound on E[g(y)IA] is

(36) Elg(y)|a, z = 1101 + g,(m)-(1 - m) < E[g(y)|a]

< E[g(y)IA, z = 1] -0 + g,(m)-(1 - 11).

The quantity E[g(y)|x* € A, z = 0] necessarily lies in the interval [g,(p), g.(p)].

Hence © lies within the p-dependent bound (36) and, a fortiori, within the available
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bound (30) .

5. Total and Partial Jeint Censoring

It is easy enough toc think of situations in which researchers face some

mixture of the three polar missing data problems analyzed in Sections 2 through 4.

If anything, such mixtures are the norm in empirical work. There are many distinct
cases that warrant attention, and it is impossible to treat them all here. We
shall, however, examine one empirically important type of mixed censcring -- some

respondents are missing data on the outcome and all regressors, while others are
missing data on the outcome and a subset of the regressors.

Mixtures of total and partial joint censoring may arise in many ways, but are
especially prevalent in longitudinal surveys. Failure to interview sample members
in the base year generates joint c¢ensoring of outcomes and all regressors.
Attrition of respondents who are interviewed in the base year generates censoring
of ocutcomes and a subset of regressors. We shall use this application to motivate
the analysis below. We examine the identification problem in Section 5.1 and give

an empirical example in Section 5.2.
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5.1. Identification

To formalize the problem, we define two response indicators, z, and z,. Let
z, = 1 if a sample member is interviewed in the base year, at which time the
regressors X, are measured. Let z, = 1 if a respondent is interviewed at a specified

subsequent year, at which time the outcome y and additional regressors x, are
measured. Assume that only those sample members interviewed in the base year are
eligible to be interviewed thereafter. Hence z, = 1 = z, = 1.

We want to learn E[g(y)]Al, A,] = E[g(y)|xl e A, X, & A)l. To study its

identifiability, we begin with the decomposition

(37) Elg(y)|a, B, = Elg(y)|a, B, z, = 11-P(z, = 1|a,, A,)
+ Elg(y) |A11 A,, z, =1, z, = 0]1-P(2z, = 1, 2, = O|A1, A,)

+ Elaly) |BA,, B, z, = 0]-P(z, = 0|A,, B,).

The quantities E[g(y)IAl, A, z, =1, z, = 0] and E[g(y)|A,, A,, z, = 0] are not

identified and can have any values between K, and K,. Also,

(28) Plz, = 1, z, = 0|A,, B,) + P(z, = 0|A, BA,) = 1 - P(z, =1, z, = 1|A,, A,)

= 1 - P(z, = 1|A,, A,).
Therefore,
(39) Elg(y)|a, B, z, = 1] -P(z, = 1|A,, BA) + K;-[1 - P(z, = 1|A,, A,)]
< Elg(y)|a, Al

< Elgly)|a, B,, 2z, = 11 -P(z, = 1|a,, A,) + K,-[1 - P(z, = 1]|A,, B,)].
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The gquantity P{z, = 1|A,, A,) is not identified, but a tight lower bound can

be found. By Bayes Theorem,

P(A,, Az, = 1)P(z, = 1)

P(A,, Az, = 1)P(z, = 1) + P(A,, AlJz, = 0)P(z, = 0)

Moreover,

(41) P(A,, Az, = 0) = P(A, AJz, =1, z, = 0) P(z, = 1|z, = 0)

+ P(A, Az, =0, z, = 0) P(z, = 0|z, = 0).

Nothing is known about P(A,, A,|z, = 0, z, = 0) except that it is between 0 and 1.

The quantity P(A,, Az, = 1, 2z, = 0) is not identified, but this quantity is bounded

from above by P(A.|lz, = 1, 2z, = 0), which is identified. Therefcre,

(42) Pplz, = 1|A,, A)) =2 ©D(A, Az, = 1)P(z, = 1) /D,

where

P(A,, Az, = 1)P(z, = 1) + P(A/|z, = 1, 2z, = 0)P(z,

+ P(z, = 0).

Hence we cbtain the same bound as under joint censoring of outcomes and regressors

(see (19)), except that the effective response probability is now
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(44) P,(z, = 1]A,, A,) = P(A,, Az, = 1)P{z, = 1)/D.

5.2. An Empirical Example

A simple modification of the example considered in Section 3.3 yields an
illustration of mixed total and partial joint censoring. In Section 3.3, we wanted
to learn the official unemployment rate in the entire population in the year 1991.
Now let the objective be to learn the official unemployment rate in the
subpopulation of white males. The NLSY79 data reveals the race and sex of every
respendent who is interviewed in the base year, but data on employment status are
available only for those individuals who are interviewed in 1991 and who report
their employment status then. Thus, the event A, = {white male} and A, = {in the

labor force in 1991}.

Table 2: EMPLOYMENT STATUS OF WHITE MALE NLSY79 RESPONDENTS

Employment Status Number of Respondents
Employed (y =2) 1500
Unemployed (y = 1) 114

Out of Labor Force (y = 0) 170
Ever-interviewed Nonrespondents .. 255

Total Ever-Interviewed White Males 2439

The NLSY79 employment-status data for ever-interviewed white males are
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presented in Table 2. These data show that the empirical unemployment rate among
white males is P(y = 1]A,, A,, 2, = 1) = 114/(1900 + 114} = 0.0566. The data in
Tables 1 and 2 imply, by (42), that the effective response rate is P,(z, = 1|A,, A,)
= 0.6781. Hence the implied bound on the ocfficial unemployment rate of white males
is 0.038 < P(y = 1|AU A,) < 0.360. The estimate using the NLSY79 sampling weights
is 0.054. The present bounds are wider than those found in Section 3.3 for the
population unemployment rate because the additional conditioning here leads to a

lower effective response rate.

6..The Tdentifying Power of Increasing Response Rates

In the administration of surveys, it may be possible to increase response
rates through various means. Interview response rates may be increased by efforts
to find sample members who initially cannot be located or to obtain consent from
sample members who initially refuse to be interviewed. Item response rates may be
increased through more intensive interviewing of respondents or, in some cases, by
finding other sources for the missing data. The findings of Sections 2 through 5
imply that even relatively small levels of nonresponse can seriously degrade
identification. Therefore, increasing the response rate may substantially improve
identifiability. We characterize these improvements in this section, focusing on
the cases of outcome censoring and joint censoring. The cases of regressor
censoring and mixed censoring, which are more complex, are not considered here.

In what follows, we suppose that a survey is administered in two stages, the
second stage being an effort to increase response rates relative te the first stage.

Let 2z, = 1 if a sample member provides full information on (y, x) in the first
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stage; z, = 0 otherwise. The second stage elicits responses only when z, = 0. Let
z, = 1 if z, = 1 or if the sample member responds fully in the second stage; z, = 0
octherwise.

6.1. Outcome Censoring

In the case of outcome censoring, (2) implies that the sharp bounds on

E[g(y)|A] after the first and second stages are

(45)  Elg{y)|a, z, = 11 -m(A) + K,-[1 - m(A)] < Elgly)|Al]

and
(46) Elgly)|A, z, = 1] m,(A) + K,-[1 - m(A)] < E[g(y)|Al]
< Elg(y)|A, z, = 11-m(A) + K- [1 - m,(A)],
where m(A) = P(z, = 1|A) and m (A} = P(z, = 1|A). Comparison of (45) and (46) shows

that increasing the response rate on y conditional on A from m,(A) to MO,{A) decreases
the width of the bound on E[g(y)|A] from (K, - KJ[1 - 11,{A)] to (K, — Ky [1 - mi(A)].
It can be shown that the second-stage bound is not just narrower than the first-

stage one; it is a subset thereof.

6.2. Joint Censoring of Outcomes and Regressors

In the case of joint censoring of outcomes and regressors, the first-stage and
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second-stage bounds have the same forms as (45) and (46) except that the

unidentified response probabilities I[,(A) and N,(A) are replaced by the effective

response probabilities

P(A|z, = 1)m, P(A, z, = 1)
(47a) 1, {(A) = =
P(Alz, = 1)m, + (1 - m) P(A, 2, = 1) + (1 - m)
and
P(A|z, = 1)1, P(A, z, = 1)
(47b)  T.(A) = = ;
P(Alz, = 1)m, + (1 - m) P(A, z, = 1) + (1 - m)
where 1m, = P(z, = 1) and 1, = P(z, = 1) are the marginal response rates after the

first and second stages.

The relationship between 1,(A) and nm . (A) is not as transparent as the

relationship between mn,(A) and n,(aA), which is

(48) 1m,(A) = m(A) + P(z, = 0, 2z, = 1|A).

To see how 1, (A) and m,(A) are related, observe that

(49) P(A, 2, = 1) = P(A, 2, =1) + P(A, 2z, =0, 2z, = 1)

P(A, z, = 1) + P(Alz, = 0, z, = 1)P(z, = 0, 2z, = 1)

P(A, z, = 1) + P(A]za =0, z, = 1)(n, - 1m,).

Before the second-stage interviews are carried out, the value of P(A|za =0, 2z, = 1)

is unknown. Letting P(A‘za = 0, 2z, = 1) vary over its logical range [0,1], (49)
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implies this sharp bound on P(A, z, = 1):

(50) P(A, z, = 1) < P(A, 2z, = 1) < P(A, 2z, = 1) + (1, - m,).

Hence 1 (A) lies in the interval

P(a, z, = 1) P(A, z, = 1) + (@, - 11,)
(51) < Tm.(A) <
P(A, z, = 1) + (1 - 1) B(A, z, = 1) + (1 - 1)
The lower bound on n,.(A} 1s larger than the value of 1, {A) given in (47a); hence

increasing the marginal response rate from 1, to I, necessarily improves the
identifiability of E[g(y)|A]. The width of the bound decreases from (K, — K,) [1 -
m.{A)] to (K, — KjI[1 - m,(A)7]. The magnitude of the reduction in width 1is

illustrated in the next section.

6.3. An Empirical Example

To illustrate the findings of Section 6.2, let us return to the example
presented in Section 3.3. There we considered the problem of inference on the
official unemployment rate in the entire population. The estimated bound was 0.050
< Ply = 1|A) < 0.263, where A = [y e {1, 2}]. The estimated asymptotic Bonferroni

confidence intervals for this estimate were

'a

0.044 < lower bound on P(y = 1|A) < 0.057

’a)

0.251 < upper bound on P(y 1|A) < 0.277.
Thus, the width of the estimated bound is 0.213. The narrowest width within the

Bonferroni region is 0.194.
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Now suppose that an additional stage of interviewing reduces the number of

nonrespondents by half, from 1256 to 628. Then the data in Table 1 imply that

n,(A) = 5556/6812 = 0.816
m,(A) = 6184/6812 = 0.908
m,(A) - m,(A) = 628/6812 = 0.092
Py € A, z, = 1) = (4332 + 297)/6812 = 0.680
n,.(A) = (0.680)/(0.680 + 0.184) = 0.787.
The lower and upper bounds on 0, (A) are
m,.. (A) = (0.680)/(0.680 + 0.092) = 0.881
Me(A) = (0.680 + .092)/(0.680 + 0.184) = 0.893.

Using 1. (A) as the effective response rate, which corresponds to setting P(A|za =
0, 2z, = 1) = 0, yields the widest identification bounds at the reduced nonresponse

rate. The resulting estimate of the bound on P(y = 1]|A) is 0.056 < P{y = 1|A) <

0.175.

The width of this bound is 0.119, whereas the width of the bound at the first-
stage nonresponse rate was 0.213. It is revealing to view this improvement from the
perspective of classical statistical inference. The first-stage widths of the

Bonferroni confidence intervals on the lower and upper bounds are 0.013 and 0.026.
Drawing an unlimited number of additional respondents at random from the population
would decrease the widths of these already quite narrow confidence intervals to
zero, but would yield no improvement in the identifiability of the official
unemployment rate. In contrast, converting just 628 nonrespondents into respondents

yields a major improvement in our ability to infer the unemployment rate.
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7. Conclusion

Survey nonresponse makes identification of population statistics problematic.
It does not, however, preclude identification of bounds on population statistics.
This paper has shown how identified bounds on unidentified population statistics can
be cobtained under several forme of nonresponse.

The bounds have been illustrated with empirical examples. These have
demonstrated that nonresponse can make identification the dominant problem in
inference, with sampling variation a second-order concern. The numerical examples
have illustrated that efforts to increase response rates can have large benefits in
terms of identification.

In applied research, it is customary to achieve identification in the presence
of survey nonresponse through the use of weights, imputations or, more generally,

models of the nonresponse process that place a priori restrictions on the relevant

distributions in the nonresponding subpopulation. These restrictions usually are
not testable. Moreover, corresponding to each point within the bounds identified
by the data alone, there is a model that uniquely identifies that point. Thus,

there are infinitely many mutually exclusive mcdels that are consistent with the
identifiable features of the data and the data cannot be used to determine which,
if any, of the mecdels is correct. This does not necessarily mean that models should
nct be used, but it is important to understand the ambiguity that is inherent in any
effort to use a model to achieve identification in the presence of nonrespcnse. The

results presented in this paper are aimed at promoting such an understanding.
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Appendix: Asymptoric Bonferroni Confidence. Intervals Under.Joint Censoring

Consider Ply = 1ly € {1, 2}1. The computations conditioning on the event

BASE are analcgous.

Some algebra shows that the lower bound given in (19) may be rewritten as

P,,/(1 - P,), where P, = P(y = 1, 2z = 1) and P,, = P(y

=0, z = 1). Let * signify

estimators of population quantities. A Taylor series expansion yields

[P“ /(1 - Pf’l)] [(ﬁ)ll - Pll)/Pll + (ﬁ)ol - P:l )/(1 - Pm)] + op(N>l/2)-

Hence the variance of the limiting distribution of the lower bound is

VLE = [(Pll/(l - PQ1)]2 [(1 - P11)/P11 - Pul/(l - P:n)] .

The upper bound given in (19) may be rewritten as (P, + P,) /(1 - P,), where

o
n
i)
N
]

0). A Taylor series expansion yields

(Pyy + P.) /(1 - Poy) - (P, + Po)/(1 - Py)

[(P11 + Pg)/(l = POl)] [(611 + 6.13)/(P11 + PQ) + 601/(1 = Pul)] + op(N-l/}!)’

; - Py;. Hence the variance of the limiting distribution is
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'{[Pu(l - Py + P(1 - Py) - ZPHP_D]/(PH + P,

pﬂl)z - me(Pn + P-u)/[(Pu + Py (1 - Pul)]}'

Vs and V; can be estimated consistently by substituting estimators for P,;, P,, and

P.,. This yields the estimated asymptotic Bonferroni 95 percent confidence regions

reported in the text.
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